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NOTATION 
Body 1 - The tractor chassis 
Body 2 - The right rear wheel 
Body 3 - The left rear wheel 
Body 4 - A front wheel 
Body 5 - The supporting surface 
6 - angle of rotation of the chassis about an axis 
parallel to the rear axle centerline 
- angle of rotation of wheel i 
X. - displacement of the center of gravity of body i in 
^ the x-direction 
z. - displacement of the center of gravity of body i in 
^ the z-direction 
Xp^ - displacement in the x-direction of the intersection 
of the rear axle centerline with the chassis center-
line 
Zpo - displacement in the z-direction of the intersection 
^ of the rear axle centerline with the chassis center-
line 
h^^ - A variable moment arm defined in Figure 3 
AZg] " ^  increment in Similar remarks hold for a 
A prefix on other variables 
Y - The inclination (in the x-z plane) of the drawbar pull 
YQ - The magnitude of y when 0=0 
V - A certain angle defined on Figure 3 
s. - The effective surface roughness "seen" by wheel io 
When s^ = 0, the ground line is the datum. 
- effective rolling radius of wheel i 
xir 
y - effective rolling radius of wheel i when drawbar 
pull is zero 
Q... - the fixed angle on body i 
th X. . - the j horizontal dimension on body i 
th 
- the j vertical dimension on body i 
th H. . - the j fixed hypotenuse on body ij fully defined in 
the text 
- the loaded radius of wheel i 
Lpn - the height above the datum of the intersection of the 
^ rear axle centerline with the chassis centerline 
6^ - Slope of the datum in the x-direction 
- coefficient of rolling resistance of wheel i 
- coefficient of traction of wheel i 
"t h 
- static tire deflection of the i wheel 
- viscous damping constant for wheel i 
f^( ) - functional load-deflection relationship for wheel i 
f^^ - static support force on the i^^ wheel 
g^( ) - functional traction-slip relationship for wheel i 
"til. TR^ - travel reduction of the i wheel 
"fclo. F. . - the j force acting at the axle of wheel i 
th E. . - the j supporting surface reaction acting on wheel i 
1J 
p - the drawbar pull acting on the tractor 
- the weight of the chassis^ which was assumed equal to 
the weight of the tractor 
- the centroidal mass moment of inertia of wheel i 
I - the centroidal mass moment of inertia of the entire 
tractor about the pitch axis (axis parallel to the 
rear axle centerline) 
xvi 
I - the mass moment of inertia of the entire tractor about 
an axis through point o 
Q - the pitch natural frequency of the tractor about the 
^ centroidal axis 
Q - 'the natural frequency of the tractor about an axis 
^ through point o 
I - the centroidal mass moment of inertia of the chassis 
® about the pitch axis 
- the centroidal mass moment of inertia of the flywheel 
I - the effective mass moment of inertia of the entire 
engine 
u) - the engine rotational speed 
- the engine torque corresponding to the speed uu 
T - the sum of the engine torque and the engine inertia 
'torque 
- the torque in the clutch when the clutch is slipping 
- the torque in the clutch at any time 
- the torque in the rear axle of wheel i 
N - the ratio of to 
T] - the mechanical efficiency of the transmission and final 
drives 
F - the normal force acting on the friction facing of the 
^ clutch 
jj. - the kinetic coefficient of friction of the clutch 
° facings 
r^ - the effective radius of the clutch facings 
kg k^ - the respective spring rates of the rear and front 
springs used in determining the mass moment of 
inertia of the tractor 
1 
INTRODUCTION 
Engineers have expended much energy in the last 40 
years investigating the mechanics of unsprung wheel tractors. 
These investigations followed either the quantitative or 
the qualitative approach to the problem* 
Investigators following the quantitative approach 
have written equations which describe the mechanics of 
the tractor (6)9 (l5)s (28), (30)o Their mathematical 
models s however, have been limited in scopeo Specifical­
ly, the investigators assumed either zero or constant 
accelerations on the tractors. This assumption allowed 
the equations in the model to be algebraic instead of dif­
ferential o These algebraic equations were not difficult 
to solve, and they provided much useful information about 
weight transfer^ on the tractorso Unfortunately, the alge­
braic equations could not predict the Vibratory behavior 
of the tractor, or the tipping behavior of the tractor 
after any of the wheels left the supporting surfaceo In 
their simplest form, they actually gave the engineer a 
distorted idea concerning the behavior of the tractor when 
external forces were applied to the tractor,, 
Investigators desiring to study the entire tipping 
behavior of the tractor have generally followed the quali­
tative patho That is, they have conducted tipping experi­
ments on prototype tractors and have observed the prototype 
2 
behavior, often with the aid of motion pictures. While 
these investigations can provide useful information about 
tipping times and about impact loads (14), they do not 
provide means for using basic information about a tractor 
to predict its tipping behavior* 
The literature survey did not reveal that any one had 
developed a suitable mathematical model to predict the 
tipping behavior of an unsprung wheel tractor* Such a 
model would be useful in evaluating proposed tractor de­
signs» For example5 the various mass moments of inertia, 
engine characteristicsj clutch characteristics and rear 
wheel tractive characteristics could be investigated as 
to their effect on the tipping behavior of the tractor. 
The same mathematical model could also be used to predict 
the vibratory behavior of the tractor» 
A suitable model would necessarily involve differen­
tial equations, since transient accelerations are present 
im a tipping tractor* To predict tipping, the equations 
would necessarily be nonlinear since trigonometric func­
tions of the tip angle would be included* Nonlinear dif­
ferential equations are difficult to solve* Thus, estab­
lishing a suitable mathematical model would be of little 
benefit unless a method could be found to solve the 
equations in the model* 
3 
OBJECTIVES 
The "broad objectives of this study were to improve 
the safety and comfort features of the unsprung wheel 
tractor* Within this broad framework, the specific objec­
tives of this study were as follows s 
lo To establish a mathematical model to predict 
the dynamic behavior of an unsprung wheel 
tractor when motion is confined to a plane 
normal to the supporting surface. 
2o To find a method of solving the nonlinear 
differential equations which constitute the 
modelo 
3o To check the validity of the model in predict­
ing backward tipping of the tractor» 
4 
REVIEW OF LITEBATUBE 
Mechanics of Unsprung Wheel Tractors 
The mechanics of unsprung wheel tractors essentially 
began with the work of McKibben (15) in the 1920's» As 
Worthington(30) noted; 
" * * * All along, the development of tractor 
engines, transmissions, and components re­
flected the best current automotive practice 
of the day, although the kinematic and dynamic 
characteristics of wheel tractors were not 
generally understood. Not until the publica­
tion of the classic investigation by Dr, E. G, 
McKibben was any well organized knowledge of 
the subject available," 
McKibben wrote equations to predict weight transfer and 
impending tip under a wide variety of conditions. He made 
some observations about the kinematics of the tractor, 
but did not write any equations for the kinematics* How­
ever, his understanding of kinematics enabled him to make 
an excellent analysis of the forces acting on a rolling 
wheelo McKibben studied actual backward tipping only to 
the extent of calculating the ratio of certain critical 
moment arms as the angle of tip increased. Since his 
mathematical model did not include differential equations, 
it could not predict the vibratory or the tipping motion 
of the tractor. 
The next significant work in the mechanics of the 
-unsprung wheel tractor was published by Worthington (30) 
5 
in 19^9o The introduction of pneumatic tires on tractors 
had caused some substantial changes in tractor design. 
Tractors became lighter and faster with the result that 
maximum drawbar pull in low gear was limited by traction 
instead of engine power. Consequently, any weight trans­
fer resulting from drawbar pull increased the traction, 
which increased the drawbar pull, etc* Worthington there­
fore made an analysis of tractor stability for tractors 
equipped with rubber tires. His analysis included a 
traction coefficient to relate the tractive force to the 
normal ground reaction. The equations used by Worthington 
were algebraic and thus could not be used to predict the 
tipping or vibratory motion of the tractor. 
Worthington (30) also devised a tabular method for 
predicting the tipping time of a tractor. His analysis 
was based on a consideration of torque, work and inertia. 
The analysis was restricted to the case where the tractor 
rear wheels were immobilized. In the same paper, Worthing­
ton presented some observations about the lateral stability 
of tractors. 
In 1955s Sack (23) published a paper on the longitudi­
nal stability of tractors. This work was a simplification 
of the earlier work by Worthington (30). Although Sack's 
work was of value to tractor designers, it did not add any­
thing new to the mechanics of unsprung wheel tractors. 
6 
Buchele (6) wrote a paper on "The Mechanics of a 
Vehicle Operating on a Yielding Soil" in 1962» The dis­
tinctive feature of Buchele's work was the introduction of 
soil variables into the equation for the case of traction-
limited àrawbaï" pull a The soil variables used were taken 
from Bekker°8 (4) land locomotion theory. Buchele used 
his equations to predict weight transfer under a variety 
of conditions for both two-wheel drive and four-wheel drive 
tractorso He assumed that the vehicle had zero accelera­
tion and that it did not vibrate. 
Dahir and Stout (8) investigated the effect of pneu­
matic tire ballast on tractor stability. They investigated 
the additional forces caused by the motion of the ballast 
in the tireso They found that the ballast rotating in 
tires under undisturbed conditions has little effect on 
tractor stability. 
Raney; et al. (22) established a mathematical model 
to predict the dynamip behavior of farm tractors. This 
work was a significant advance in the mechanics of un­
sprung wheel tractors, since it brought the first use of 
differential equations. However, the equations used were 
linear. Thus, the. model was restricted to predicting the 
vibratory behavior of the tractor, and this only for ultra-
small oscillationso 
Huang, et al. (12) extended Raney's model to the case 
7 
of tractors with elastic rims. Although more elaborate 
than Raney's model5 Huang's model was also restricted to 
the prediction of small vibrations, 
Lamouria, et alo (l4) conducted both rear and lateral 
tipping experiments on a farm tractor. Tipping times were 
measured. Also, strain gages were used to record stresses 
on a safety frame at the time of impact. However, no 
attempt was made to establish a mathematical model to 
predict the tipping behavior. 
Equation Solving Techniques 
\ 
According to Speigel (28, p, l42) a differential 
equation is linear if the dependent variable and its 
derivatives appear in the equation to the first power only. 
Thus a differential equation is nonlinear if the dependent 
variable or its derivatives appear in.the equation to the 
second or higher power, or as the argument of a trigono­
metric function. 
Numerous methods exist for solving linear differen­
tial equations, or systems of linear differential equa­
tions, Sokolnikoff and Redheffer (27), for example, pre­
sent three distinct methods of solving linear differential 
equations» These are the classical methods, solution by 
power series, and solution by the LaPlace transform method. 
Basically, transform methods convert ordinary differential 
8 
equations into algebraic equations» Thus the transform 
methods are especially useful for solving systems of linear 
differential equations. 
Savant (24, p« 313) has pinpointed the difficulty in 
solving nonlinear differential equations in the following 
quotation; 
"Why does the solution of nonlinear differ­
ential equations require special handling? 
Basically the answer is that the principle 
of superposition is invalide The solution 
of differential equations by either LaPlace 
transform or the classical method depends 
upon superposition." 
Cunningham (7, po 5 )  has also commented on the solu= ^ 
tion of nonlinear differential equations in the following 
quotation: 
" * " * The equations describing the operation 
of many physical systems can be reduced to sets 
of simultaneous ordinary differential equations. 
When the equations are linear with constant 
coefficients 5 standard rules can be applied to 
yield a solution. If the number of dependent 
variables is large, or if the order of the 
differential equations is large, the applica­
tion of the rules may be tedious and time-
consuming, A solution is possible, at least 
in theory. When the differential equations 
are nonlinear, solution by analytical methods 
is possible only if the amount of nonlinearity 
is small and, even then, available solutions 
are only approximate. Equations with a consider­
able degree of nonlinearity can be solved only 
by numerical or graphical methods," 
While no general method has been developed for solving 
nonlinear differential equations, closed solutions have 
9 
been found for specific ones» Cunningham (?) presents a 
number of nonlinear differential equations with known 
exact solutionso Unfortunately, the differential equa­
tions arising in the study of tractor tipping are not 
among those with known exact solutions. 
Numerical and graphical methods constitute powerful 
tools for solving nonlinear differential equationso As 
Cunningham (?) has pointed out, one question that the 
analyst faces in using these methods is deciding upon the 
increment size in the independent variable, A large incre­
ment size reduces the computation time but increases the 
error in each stepo Conversely, small increments increase 
the accuracy but make the solution more time consuming. 
A further disadvantage of these methods is that specific 
numerical values are required for the parameters in the 
equations and for the initial conditions of the variables 
used in obtaining a solution. Consequently, a solution 
applies only for a particular set of conditions. If a 
solution for a different set of the numerical parameters 
is required; the whole process of solution must be repeated» 
Analog computers can be used to solve sets of non­
linear differential equations» However, as noted by Smith 
and Wood (26, p. 1); 
"In the strictest sense, an analog computer 
does not computeo It is simply an electronic 
model of a given physical system. The model 
10 
is constructed in the laboratory, where, 
under carefully controlled conditions, 
measurements are taken of parameters of 
interest. The computer consists of a 
collection of basic building blocks which 
can be interconnected so that they are governed 
by the same set of equations as those describ­
ing the system to be analyzed»" 
Analog computers use distinct computing elements for 
each mathematical operation required to solve a problem. 
This is called parallel operation. According to Korn and 
Korn (13s Po 5)5 it is parallel operation that allows 
analog computers to have very high computing speeds. Even 
complicated problems can be solved in a few minutes on 
\ 
analog computers. However, the authors state that; 
. " * * * parallel operation imposes practical 
limits on the complexity of problems which 
can be solved on analog computers," 
The practical limit is reached more quickly for nonlinear 
problems than for.linear ones. In most cases, two or more 
d,c. amplifiers are required to generate each nonlinear 
function (9)0 Thus the analyst attempting to solve a set 
of nonlinear differential equations on an electronic analog 
computer may quickly encounter a shortage of doC, ampli­
fiers. 
The great advantage of electronic analog computers 
lies in the ease with which the analyst can modify the 
problem being solved* As Korn and Korn (13) pointed out, 
new ideas can be tested at once. Design parameters may 
11 
- be changed instantly by corresponding resistance changes 
on the computer* Thus electronic analog computers are 
well suited for solving systems of nonlinear differential 
equations if the complexity of the systems isnndt too 
greato 
Parris (10) has developed a programming system by 
means of which a digital computer may be programmed 
using analog computer programming techniqueso The system 
is called DIAN, a contraction of Digital-ANalogo DIAN has 
a number of features which make it useful for solving 
systems of nonlinear differential equations» One version 
of DIAN simulates an analog computer with 1^00 components; 
hence complex problems can be solved. The system is cap­
able of generating many nonlinear functions. Furthermore, 
voltage and time scaling are unnecessary. With DIAN, dif­
ferential equations are solved digitally. Consequently, 
components in DIAN are serviced serially rather than 
simultaneously as on an electronic analog computer. Thus, 
DIAN is inherently slower than an electronic analog com­
puter in solving equationso Since DIAN is based on 
numerical integration methods, Cunningham's (7) remarks 
about the increment size in the independent variable are 
pertinent. With DIAN, the compromise between accuracy 
and computation time is made less severe because the 
increment size can be changed up to thirty times during a 
12 
problem» A primary disadvantage of DIAN is the loss of 
operator communication, i.e., the operator cannot modify 
parameters in the equations while they are being solved* 
Thus s DIAN is most suitable for solving systems of non­
linear differential equations which are too complex to 
be solved on electronic analog computerso 
13 
THE MATHEMATICAL MODEL 
Simplifying Assumptions 
The mathematical model was based on the following 
relationships; 
lo Certain geometrical requirements, 
2o Newton's laws5 and 
3o Empirical information about several components 
in the tractor. 
The following assumptions were made in establishing the 
model: 
lo The laws of Newtonian mechanics are valid for 
measurements made on the tractor relative to the earth, 
2o Any velocities involved in the tractor motion are 
negligible compared with the speed of light. 
3. Only the tractor tires are deformablej the re­
maining parts of the tractor are rigid bodies. 
All motion of the tractor occurs in a plane which 
is normal to the supporting surface. 
5o The rear wheels of -the tractor have negligible 
mass but appreciable mass moments of inertia. 
60 The front wheels have negligible mass and negli­
gible mass moments of inertia. 
?o Damping in the pneumatic tires is viscous damping. 
8. There is negligible phase lag in the engine 
14 
governoro 
The first two assumptions ordinarily have been made 
in solving problems of this type (17, p. 3^3). The third 
assumption is in agreement with the procedure for solving 
the vast majority of dynamics problems in engineering (17, 
p. 355).  
The fourth assumption was made to reduce the scope of 
the problem. Much additional effort would be required to 
extend the model beyond plane motion. 
The fifth assumption simplified the model, but it 
also imposed some restrictions on the method of determin­
ing certain parameters in the model. The rear wheel of the 
prototype tractor was visualized as two bodies. Body A 
was a point mass which contained nearly all the mass of 
the wheelo Body B was considered to have very little mass 
but a very large radius of gyration. The mass moment of 
inertia of body B was equal to that of the entire wheel. 
The free body diagram of the wheel then included only body 
B. Body A was made a part of the free body diagram of the 
chassis. 
The sixth assumption was considered valid, since the 
front wheels of tractors are light. As with the rear 
wheels, any mass in the front wheels was assigned to the 
chassis. 
Raney, et al» (22) found the seventh assumption to 
be valid. 
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The eighth assumption made possible a reasonably 
simple mathematical model of the tractor engine. The 
Validity of the assumption is questionable. 
All of the liquid ballast was drained from the tires 
and round cast iron weights were attached at the hub of 
the wheelo This was done because of the difficulty of 
mathematically describing the effect of liquid ballast 
in the tires. 
Explanation of the Notation and the Coordinate System 
The dot notation was used in order to simplify the 
writing of the equations» The dots represent time deriva­
tives, e.g. : 
0 = 4 
dt"^ 
A complete list of symbols is given on pages xiv 
through XVi of this dissertation. Where possible, dual 
notation was used for position and length. That is, where 
a lower case position variable was used, the upper case 
symbol was used to denote corresponding fixed length 
dimensions. For example, x is a horizontal position 
variable and X is a horizontal fixed length. Because so 
I 
! 
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many variables and parameters were required in the model, 
a system of subscripts was usea. The subscripted variables: 
and parameters are defined in the list of notation» The 
notation was designed particularly to allow later expan­
sion of the model to three dimensionso 
Figure 1 is a drawing showing the principle length 
parameters on the tractor, as well as a ^-dimensional 
coordinate system» In this coordinate system, the z-
axis.is normal to the supporting surface. This coordinate 
system is part of a terminology which is being considered 
as an SAE Recommended Practice (5)o It is a right-hand 
coordinate system and is well suited for the study of 
tractor mechanics. Its only disconcerting feature is 
that z is positive downward. The y coordinate was not 
used in the model derived in this dissertation; however, 
it should logically be used if the model is extended to 
three dimensionso 
Kinematics 
The motions of the tractor axles were determined in 
terms of the'angle of tip and of the motion of the chassis 
center of gravityo With reference to Figure 2, and with 
the aid of trigonometry, the following four equations can 
be written; 
<9 X 
figure 1 
CENTER 
gravity 
%!Z0NT4/ 
a%d the 
Coord i%at( 
©to Used 
the Bodel 
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Figure 2, Motion of the front and rear axles relative to the chassis center of 
gravity when the chassis tips positively 
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— V 2 
X^l + (8 + arctan (1) 
y " " I 2 
^11 " A%23 V ^11 ^11 (8 + arctan (2) 
(Zii + Z^g) - ^^4 
'^ 11^ '^ IZ 
=\/(Zll + Z12) + (%12 - Xii) sin (arctan -8) 
(X^2 ~ ^ 11 ) ^^ 14, (^) 
=/^ll + + (%12 - (arotan -0) 
12 11 
Since the rear axle moved downward and frontward rela­
tive to the chassis center of gravity when the tractor 
tipped positively, the following two equations were 
written: 
^23 = ^1 + AZg] (5) 
^23 ^1 A%23 (6) 
Since the front axle moved upward and frontward rela­
tive to the chassis center of gravity when the tractor 
tipped positively. Equations 7 and 8 follow; 
Z4 = Zi -  àzi^ (7) 
Xip = Xi + AXj^ (8) 
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When Equation 1 was combined with Equation 5? Equa­
tion 2 with Equation 6, Equation 3 with Equation 7» and 
Equation 4 with Equation 8, the following four relation­
ships resulted: 
/ 2 1 
^23 ~ ^ 1 " ^ 11 V ^11 (8 + arctan ^ —) (9) 
11 
r"2 F" 
^23 = + ^ 11 - J ^ 11 2^1 008 (e + arctan ^ —) (10) 
%4 ^  ^ 1 " ^ -11 ^12^ 
-J + (%22 ~ ^ 11^^ sin (0 - arctan ^11*^^12 
%12-%11 
^4 ~ ^ 1 " (%12 " %ll) (12) 
/ Ô ^ Z-11 "'"Z-i p 
+y (Zll + Z^g) + (Xi2 - Xii) cos (0 - arctan 
The following four definitions are useful for simpli­
fying the above kinematic relationships; 
%2 = y (Zll + Zi2)2 + (Xi2 - Xii)2 (13) 
Ô, , = arctan —Jiâ (14) 
12 ^12 " ^11 
«11 = Ml + Zll (15) 
z  
0-11 = arctan (l6) 
^11 
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The above definitions were substituted into Equations 
9 through 12, respectively, to produce the following simpli­
fied kinematic relations: 
2^3 = - Z^l %l "^011^ 
2^3 = %! + ^ 11 " %i 008 Ce +©-]_2_) (18) 
= Zj^  — (^ 1% 1^2^  "" 1^2 ( 8 "" 0 12^  (19) 
— C^]_2 " ^11^ COS (0 — 012 ^ (20) 
Differentiating Equations I7 through 20 led to the 
following velocity relationships: 
0  0  o  ^  
^23 ~ %i 8 cos (0 + O 2% ) (21) 
^23 ^1 %i 8 sin ( e  -}- 0^ )^ (22) 
z/j, = z^  - H22 ® (8 - 0 12^ (23) 
= Xi - H22 6 sin (0 + Qg^g) (24) 
Acceleration Equation 25 will be needed later, and it 
was obtained by differentiating Equation 22. 
. X23 = •'" %1 8^ Gos (0 + 0^^) 
+ 0 sin (0 + ^ ^11) (25) 
22 
Since plane motion was assumed, the two rear wheels 
have coincident motion. The equations which express this 
fact were as follows: 
22 = ^3= ^ 23 C26) 
Zg = = ^23 (^7) 
Xg — — ^23 (28} 
Xg — x^ — ^23 (29) 
0 0  0 0  0 0  
Xg = x^ = Xgl (30) 
When drawbar loads were attached to the tractor, the 
line of pull varied with the angle of tip» Thus a set of 
hitch kinematics were necessary. In the analysis that 
follows, the tractor was assumed to pull a trailed load» 
The line of pull passed through the center of resistance 
of the implement and through the coupling at the end of 
the tractor drawbar. Figure 3 illustrates the relation­
ship of the parameters and variables involved in the hitch 
kinematics. The center of resistance is shown above the 
supporting surface. A center of resistance below the 
ground line merely requires a negative in the hitch 
kinematics equations* 
After reference to Figure 3 and with the aid of 
trigonometry, the following two equations were written: 
INITIAL POSITION 
REAR AXLE Ç. 
h|5 
1-23 LINE^ OF PULL-
GROUND LINE 
Figure 3„ An illustration of the hitch kinematics 
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5^ J ^ 13 1^3  ^
13 V = 0 - Y arctan ^ 
(31) 
(32) 
13 
The following two definitions simplified the analysis: 
%3 V ^13 + ^13 
013 = arctan '13 X. 13 
(33) 
(34) 
These definitions were substituted into Equations 31 and 
32 to yield Equations 35 and 36, respectively; ^ 
h^^ — ^13 ^ 
V = 0 - Y + 0 13 
(35) 
(36) 
The following trigonometric relationship was written after 
reference, to Figure 3% 
y = arcsin 
- 5^3 sin ( 8 + ^ 13) 
^51 
(37) 
Equations 35 s 36 and 37 were combined to produce the final 
hitch kinematics equation; 
h. 15 ~ ^ 13 - 0 0 
- arcsin 
^23 " = 
13 . 
'23 " ^ 51^ " ^ 13 sin {Q + 9 i3)jjc38) 
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The pull inclination y and the moment arm h^^ depended 
upon both 0 and The presence of these two variables 
in the equations complicated the hitch kinematics consider­
ably,. 
The preceding equations could be written because the 
tractor and the hitch were undeformable. Only gravity and 
trigonometry were necessary for the derivation of the 
equations. In the next section, the motion of the tractor 
in space will be considered. The equations derived will be 
kinetic equations which relate the forces on the tractor 
to the resulting motions. 
Kinetics 
Free body diagrams of the major components in the 
tractor are shown in Figure 4. Only one front wheel was 
shown,,, since insignificant differences were assumed to 
exist between the force systems acting on the two front 
wheels. Since in general the two rear axle torques were 
not equal, the rear wheels were kept distinct. A free 
body diagram was not shown for the left rear wheel. Dia­
gram b, however, will serve that purpose if the first sub­
script of every parameter and variable is changed to 3. 
Also, force and moment equations for wheel 3 will not be 
shown, since they are identical in form to those for wheel 
Figure 4. Free body diagrams of the major components 
in the tractor 
27 
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Reversed effective forces and torques were applied on 
all of the free bodies to place them in dynamic equilibrium 
(17, p. 447). Because of simplifying assumptions 5 and 6, 
reversed effective forces were not shown on any of the 
wheels. 
The positive direction of rotation is shown for each 
of the free bodies,. The wheel rotations were chosen to be 
positive when the tractor moved forward. The sense of the 
angle of tip was chosen to be compatible with the coordi­
nate system described earlier in this dissertation. 
A summation of moments about the rear axle centerline 
yielded one equation for the chassis. The simplified moment 
equation is as follows: 
X.2 cos 0 + Z^2 sin 0 ^0 0 
- 2F^2 8 - ®] 
+ Tg + T^ - ^11 (0 + 6^) 
- sin 
M. r 
T 
(0 + 6^)1 + ~ \^11 8 - sin 0^ 
^2% cos 0 + sin 0 - P (39) 
Two more equations were obtained by summing forces 
on the chassis in the z direction and in the x direction. 
The resulting equations are as follows; 
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% o. 
IT 2l = - Fgl - F31 -2F41 + "1 «Z (40) 
+ p sin (e + y) 
% 00 
•g " ^22 + ^ 32 - 2P42 -^1 Gill 6% 
- p cos, ; (e + Y ) (4l) 
When forces are summed on all of the wheels, the 
following equations result; 
% = Bin (42) 
%Z = \z (43) 
^21=^21 • (44) 
^22 ^23 " ^ 22 
When the moments were summed about the axle centerline 
on the rear wheels, the following equation resulted: 
I2 $2 = ^ 2 - ^ 23 ^ 21 "*• 2^1 ^ 21 •*" 2^2 ^ 22 (^ 6) 
The rolling resistance of a wheel depends upon the 
vertical load on the wheel and on other factors, Pierrot 
(20) found that the rolling resistance of a pneumatic tire 
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was affected by tire geometry, tire spring rate, velocity, 
soil mass bulk density, soil compaction and vertical wheel 
load. For a given tire operating on a given surface, the 
geometry, spring rate, soil bulk density and soil compac­
tion were constants» This left velocity and vertical load 
as the variables affecting the rolling resistance, 
McKibben and Hull (l6) found that the supporting surface 
condition, the wheel outside diameter and the inflation 
pressure affected the coefficient of rolling resistance 
of pneumatic tires. They did not measure the effect of 
velocity. To simplify this analysis, the velocity effect 
on rolling resistance was ignored. For a given tire roll­
ing on a given surface, the rolling resistance was assumed 
to vary only with the vertical load. It is recognized, 
however, that rolling resistance does not exist if the 
tire is not moving or tending to move parallel to the 
supporting surface. The equations which express these 
conditions are; 
(47 ) 
^42 ~ *"^4 ^41 
= 0 when = 0 (47a) 
«22 = 1^2 _ (48) 
1^2 = 0 when x, = 0 (48a) 
The thrust force acting on a rear wheel is related to 
the vertical wheel load by the definition of the coefficient 
of traction as follows: 
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I 
^23 ^2 "21 
By definition, the rotational and forward speed of a 
rear wheel are related through the rolling radius Jl^ as 
follows; 
%2 =/( 2 ^2 (50) 
It has been observed that the slippage of a powered 
tractor wheel increased with the amount of thrust the 
wheel was required to deliver. The mathematical expression 
of this phenomenon required a relationship between trac­
tion coefficient and travel reduction. Barger, et al. (3) 
defined travel reduction as follows; 
Advance per wheel - Advance per wheel 
TR = revolution with no pull revolution with pull 
Advance per wheel revolution with no pull 
In mathematical notation this simplifies to 
ZirLn - 2ti^ 
TEo = —0^ — (51a) 2 2n ^ 20 
where ^  20 the value of at zero drawbar load. The no-
load rolling radius s20' ^ constant for a given tire» 
Equation 5la can be further simplified to: 
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L 
TR. = 1 - ^ (51b) 
^  /20  
When the numerator and. denominator of the last term in 
Equation 5lb were multiplied by and definition 50 was 
usQd, the traviâl s-sduotlon oqwation in the follow* . 
ing form: 
TE, = 1 - (310) 
^ ho^z 
The travel reduction of a powered wheel is thus determined 
by its no-load rolling radius, its forward travel speed 
and its rotational speed. Vandenberg and Reed (29) have 
found a relationship between the traction coefficient of a 
tire and its travel reduction. For a powered wheel, the 
functional relationship can be expressed as; 
pg - ^2 " st^Rg) (52) 
1 ' 
Reed defined traction coefficient as the ratio of the 
total force output over the dynamic weight. He defined 
dynamic weight as the total force exerted by the tractive 
device perpendicular to the plane of the surface on which 
Reed, I. F. National Tillage Machinery Laboratory, 
Auburn, Alabama. Definitions and formulas for terms used 
in traction and transport work. Private communication. 
1961 o 
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it was operating. Total force output was defined as the 
total force (available for work) which was developed by the 
traction device in the direction of travel and parallel to 
the plane of the surface on which it was operating. From 
these definitions it can be seen that the traction coeffi­
cient used by Vandenberg and Reed was actually ~ 
Thus Equation 52 correctly expresses Vandenberg and Reed's 
functional relationship between traction coefficient and 
travel reduction. The general shape of the functional 
relationship is as shown in Figure 5» For a given tire 
operating on a given surface, the curve is unique. The 
exact shape of the curve depends upon the characteristics 
of the tire and of the supporting medium. 
For a given torque in the rear axles, a given normal 
force on the rear wheels and a given rear wheel rotational 
speed. Equations ^Ic and 52 suffice to regulate the forward 
speed of the tractor. When the traction is insufficient 
to maintain the present forward speed of the tractor, Equa­
tion 5lc dictates an increase in travel reduction as the 
tractor slows down. Because of the form of Equation 52 as 
shown in Figure 5, an increase in travel reduction increases 
the traction coefficient, A balance is struck at a new 
magnitude of forward speed. If the travel reduction were 
increased too much, further increases would give zero or 
negative changes in traction coefficient and the wheels 
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Figure 5® The general 
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shape of the functional relationship 
coefficient to travel reduction 
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would "spin out," 
The normal force exerted on a tire "by the supporting 
medium depended upon the motion of the tire normal to the 
surfaceo Each tire was visualized as a spring in parallel 
with a dashpoto The force in the dashpot was proportional 
to the deflection rate of the tire. The force in the spring 
was related to the deflection of the tire. Figure 6 is 
a drawing of a typical static force-deflection relation­
ship for a tire. The force varies nonlinearly with posi­
tive deflection. For negative deflection the force is 
always zero, Raney, et al, (22) have found that the shape 
of the statically measured curve is different from the 
shape of the dynamically measured curve. At a given 
deflection the slope of the curve is the spring rate of 
the tire. The dynamic spring rate was found to be approxi­
mately 50 per cent greater than the static spring rate. 
To simplify the model, only the static force-deflection 
curve was used in the equations that follow. 
On rough supporting surfaces, vertical oscillations 
in the supporting medium and vertical oscillations of 
the axle both contribute to the relative motion across 
the tire. The peaks and valleys in the supporting sur­
face Was referenced from a datum plane such that the 
average deviation from the datum was zero. Upward excur­
sions in the supporting medium were considered positive. 
Figure 6. A typical static force-deflection curve for 
a pneumatic tire , 
Figure 7= An illustration of a surface roughness 
variable 
Figure 80 An illustration of the total deflection 
of a pneumatic tire 
DATUM 
INITIAL POSITION OF AXLE 
PRESENT POSITION OF AXLE 
T^ 4 
•3J4. DATUM 
38 
A typical supporting medium is illustrated in Figure 7-
The relationship of the parameters and variables involved 
in tire deflection are illustrated in Figure 8 for a 
front wheelo From Figure 8 it is evident that the 
deflection of the tire at any time is (D^ + + s^^. 
The following equations express the relationships 
which were discussed above : 
In the preceding equations, f Indicates a functional rela­
tionship on the 'quantity in parenthesis» However, each G 
is a viscous damping coefficient and is to be multiplied 
by the quantity in parenthesis. 
A typical torque-speed curve for a governed engine 
is shown in Figure 9» The engine is stable because of 
the shape of the curve, i.e., if the engine speed de­
creases because of insufficient engine torque, the torque 
increases and balance is restored and vice versa. Assum­
ing negligible phase lag in the governor, the throttle 
plate position should always be such that the engine torque 
is matched to the load. The engine inertia limits the rate 
\l = 
(%+z^+s^) > 0 
(53) 
0 5 (D4+Z4+S4) < 0 
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Figure 9. A typical torque-speed curve for a governed 
engine 
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at which speed changes occur. It also augments the out­
put torque when the engine slows with increases in load, 
and vice versa. The equation which expresses the output 
engine torque is therefore; 
is the engine torque-speed relationship shown in Figure 9» 
The clutch acts as a torque limiting device. When 
the torque capacity of the clutch is reached, the clutch 
"breaks away" and begins slipping. Actually, slipping 
occurs at torque levels "below the break away torque, as 
shown in Figure 10. This slight slipping was assumed to 
be negligible, and an idealized characteristic was assumed 
to follow the dashed line. This idealized clutch does not 
slip if the torque is less than T^o If the clutch is 
slipping the torque must be T^. The mathematical expres­
sion of the idealized clutch behavior is thus: 
(55) 
where, 
TQ = T(w) (56) 
T U) = 2N (0 + $-5-n) 23 
T c (57) 
where zero clutch slippage is indicated by, 
u) = 2N (6 + $^) (58) 
4l 
BREAKAWAY POINT 
T m 
100 0 
SUP, % 
Figure 10. The torque-slip characteristic of a typical 
clutch 
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and where the average rear wheel rotational speed is given 
by; 
^"25 ~ 0.5 ($2 + (59) 
When the clutch is slipping, the torque can be com­
puted from the following equation: 
Fc (6°' 
For a given clutch, the coefficient of friction and the 
effective radius are constants and the torque varies only 
with the normal force. The normal force depends upon the 
position of the clutch pedal. Thus the tractor operator 
can control the torque limit of the clutch through use of 
the clutch pedal. In starting the tractor from rest, the 
operator usually engages the clutch slowly in order to 
provide a "smooth" start. In so doing, the operator slowly 
increases the torque capacity of the clutch from zero to 
the maximum or fully engaged value. According to Moses 
and Frost (18, p. 306), the maximum or fully engaged torque 
capacity of the clutch is given by: 
T^ = (maximum load torque)(coeff. of reserve) (6l) 
where the coefficient of reserve for tractors may be as 
high as 4.00. 
The transmission system serves as a speed reducer and 
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a torque multiplier. Because of friction in the trans­
mission, some of the power is converted into heat. The 
input power to the transmission is given by: 
input power = w (62) 
The output power is given "by: 
output power = T^ (0 + (8 + (63) 
The input power and output power are related as follows; 
(output power) = (input power) ri (64) 
The division of the output power depends upon the condition 
of the tractor differential gear system. The two possible 
conditions were analyzed separately. 
Richey^ found that equal torque is delivered to the 
rear wheels when the differential is operable, i.e,: 
Tg = T. = T (65) 
Therefore the output power Equation 63 was simplified to : 
output power = T (20 + ^3) (66) 
^Eiohey, C. Tractor and Implement Division, Ford 
Motor Company3 Birmingham, Michigan, Discussion with Dr, 
¥, P, Buchele concerning tandem tractors. Private com­
munication, 1957 o 
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The use of definition 59 further simplified Equation 66 
to : 
output power = 2T (e + (6?) 
The speed reducing function of the transmission is ade­
quately expressed by Equation 58o When Equations 58, 62, 
64 and 67 were combined and simplified, the result was: 
T = M-n T^ (68) 
Equations 58, 595 65 and 68 express the behavior of a 
transmission-final drive system equipped with an operable 
differential. 
On modern tractors, it is possible to lock the dif­
ferential. If the differential is locked, the rear wheel 
rotational speeds are equal, i.e.: 
$2 = = & (69) 
The output power Equation 63 can then be simplified to: 
output power = (T^ + T^)(8 + $) (70) 
When Equations 58, 59 and 69 were combined and simplified 
the result was: 
u) = 2N (0 + $) (71) 
Combination of Equations 62, 64-,• 70 and 71 and simplification 
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leads to: 
Tg + T3 = 2N n Tg (72) 
The average torque in the rear axles is; 
% = 0.5 CTg + Tj) (73) 
Equation 72 can be simplified to; 
= N n T 
c 
(74) 
Equations 69, 71, 73 and 74 express the behavior of a trans­
mission final drive system where the differential is locked. 
For maximum usefulness, the mathematical model should 
be determinate. That is, when the parameters and the 
initial conditions of the variables are specified, the 
subsequent behavior of the prototype should be determined. 
A mathematical model can only be determinate if the number 
of independent variables does not exceed the number of 
independent equations. Depending upon the problem to which 
it is being applied, the foregoing model may be determinate 
or indeterminate. For example, the problem could require 
a variable drawbar load to act on the tractor. Then, 
unless a new equation were found to relate the variable 
Determinate and Indeterminate Problems 
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drawbar load to the other variables and parameters in the 
model, the model would be indeterminate. 
Another problem might be to predict the motion of a 
tractor traveling over an oscillating surface» The length 
dimensions ^23" ^21' ^ 31' ^ 32 ^31 would vary-
continuously in this problem. Six new equations would 
then be required to make the model determinate. Alterna­
tively, the variations in one or more of these length 
dimensions might have negligible effect on the behavior 
of the prototype. In that case, less than six new equa­
tions would be required to make the model determinate. 
Time is one of the variables in the model. Thus one 
could always make the model determinate by expressing ex­
cess Variables as a function of time. For example, suppose 
that a variable drawbar pull kept the model from being 
determinate. The model could be made determinate by 
expressing pull as a function of time, either arbitrarily 
or from empirical information. The same technique could 
obviously be used to test out subsections of the model. 
All inputs to the subsection could be specified as a func­
tion of time. Generally, such functional relationships 
would have to be acquired experimentally from tests on 
the prototype. During the development of a mathematical 
model, such techniques would have merit. Later, only the 
most basic information should be required in the model 
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in order that the behavior of proposed future tractors 
could be predicted. 
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COMPUTATION PROCEDURE 
Description of DIAN 
DIAN; the hybrid computation developed by Parris (10), 
was chosen over the electronic analog computer as the 
device for solving the equations in the model. There were 
two basic reasons for this choice. First, an electronic 
analog computer of sufficient size was not readily avail­
able for solving the equations. Second,;a tape recorder 
was not available. If an electronic analog computer were 
used, a tape recorder would be required for checking out 
subsections of the model. The choice of DIAN overcame both 
of these difficulties, i.e., the DIAN system provided suf­
ficient capacity for solving the model and also provided a 
means for checking subsections of the model without a tape 
recorder. 
Farris (10) wrote a complete, detailed description of 
the DIAN system. Also, Parris and Burkhar.t, (11 ) have 
written a brief programming guide for the system. There­
fore, only a brief sketch of the system will be presented. 
The flow diagrams are similar to and often interchangeable 
with those prepared for solving a problem on an electronic 
analog computer„ The actual solutions, however, are 
carried out entirely on a digital computer.' 
Eight of the nine components in the DIAN system were 
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used in programming the model. These nine components are 
shown in Figures 11 through l4. 
An integrator is shown in Figure 11a. The primary in­
put may be the independent variable or any dependent vari­
able. This feature makes possible the generation of many 
nonlinear functions. The current Integrated value of the 
secondary inputs is stored in the integrator. The contents 
of any integrator may be specified as an output variable to 
be printed out at the completion of the problem. Such out­
puts cannot be taken from any other component, 
A constant multiplier is shown in Figure 12a. This 
component has an advantage over the potentiometer of the 
electronic analog computer in that the constant may be 
greater than unity. 
An empirical function generator (EFG) is shown in 
Figure 13b. The functional relationship is communicated 
to the computer in the form of discrete data points. The 
EFG interpolates for values of the abscissa between the 
specified points. Either linear or parabolic interpola­
tion may be specified. Data must be communicated to the 
computer in the order of increasing abscissae. If the 
input variable exceeds the range of the tabulated data 
during solution of a problem, the problem is automatically 
terminated and an error message is typed on the computer 
output sheet. The input to the EFG can be dt. When a 
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Y = J"{dy| -Hdy2 +dy3) + Yq STORED IN INTEGRATOR 
(PRIMARY INPUT) 
(SECONDARY INPUTS) dy2 
l^dys î> 
^(y; +y2 + y3)di 
(A) 
(PRIMARY INPUT) 
(SECONDARY INPUTS ) 
du 
dv| 
dV2 
dV3 
0^ '^o 
\^35 / 
^ / \ 
d(uv ) 
dv = dV| 4- dV2 + dvj 
(B) 
Figure 11. Schematic representation of an integrator and 
a function multiplier 
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dy 
(A) 
•î>- dy= d(y| +y2 +y3) 
Figure 12o Schematic representation of a constant 
multiplier and a summer 
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dx 
d x ,  Y L  ±  Y <  Y u  
0, Yl ^ Y >• Yu 
1 0 2 9  
F(y ) 
TABULATED 
DATA 
(B)  
Figure 13o Schematic representation of a relay and 
empirical function generator 
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8 
AGS 
( A )  
(B) 
Figure Schematic representation of an absolute value 
generator and an independent variable 
generator 
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suitable functional relationship is stored in an EFG with 
dt as an input, the EFG simulates a tape recorder. This 
permitted checking subsections of the model. 
An independent variable generator (IVG) is shown 
in Figure l4b. No input is required for an IVG. Often 
it is desirable to change the increment size in the inde­
pendent variable during the solution of a problem. This 
is accomplished by using two or more IVG's in the problem. 
For example 5 one might use an IVG with dt = 0.001 for 
0<t<lo0 and another IVG with dt = 0.005 for 1.0<t<2.0. 
Up to 30 IVG's may be used in a single problem. The reso­
lution in all output variables is controlled through IVG 
specifications. The output data can be spaced at any 
multiple number of dt's. 
The diagrams make the remaining components self-
explanatory. The normal polarity relationships of the 
input and output are shown on each component. However, any 
component can also act as a sign changer. This is indi­
cated by a minus sign on the component in the flow diagram. 
One IBM card is used to represent each component in 
programming the model. The card contains the serial number 
of the component, a code number to identify the type of 
component, values of constants or initial values of vari­
ables where appropriate, and the serial numbers of the 
components from which input variables are to come. For 
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each EPG, the data cards follow immediately after the 
component card. 
The DIM system involves a sophisticated program 
which instructs the digital computer on how to simulate 
an analog oomputar* This program is available as a. maohin© 
language program deck. The cards representing all of the 
components are assembled into a deck to be used as data 
for the machine language program. 
Test Conditions and Additional Simplifying Assumptions 
If all aspects of the mathematical model were to be 
verified for accuracy, the experimental procedure would 
be very time consuming. Also, the complexity of the com­
puter program of the model can be limited by judiciously 
chosen assumptions. In order that certain aspects of the 
mathematical model could be verified for accuracy with a 
minimum amount of difficulty, the following test conditions 
were established: 
lo The supporting surface for the tractor is a level 
concrete strip without surface oscillations, 
2o The tractor is equipped with an operable differ­
ential, 
3, The two rear wheels of the tractor are identi­
cally equipped and their tire inflation pressures are 
equal, 
56 
4. If the tractor pulls a drawbar load, the hitch is 
"long" and the center of resistance of the load is at the 
same height as the tractor drawbar. 
The following simplifying assumptions were made in 
order to facilitate programming of the model: 
1. The angle of tip, 0, is "small" when the front 
wheels leave the supporting surfaceo 
2o The requirement that = 0 when = 0 is not 
important for tipping tests. 
Test condition one simplified the construction of the 
test surface, but limited the vibration of the prototype. 
The condition, however, allowed the model to be verified 
for accuracy in predicting the backward tipping behavior 
of the prototype. 
The first three test conditions eliminated the need 
for keeping the rear wheels distinct. This simplified the 
programming of the model. 
The fourth condition also simplified the programming 
of the model. The assumption allowed the line of pull 
(Figure 3) to remain nearly horizontal while the tractor 
tipped. Therefore, the angle y was negligibly small for 
all values of e. 
The longer the wheel base of the tractor the more 
valid is assumption one. This assumption simplified the 
model by eliminating the variation of certain moment arms 
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with Go 
Assumption two simplified the programming of the model 
by eliminating the need to change the value of during 
the solution of the problem. The assumption should have 
little effect on the accuracy of the model, particularly 
because is very small for a pneumatic tire operating 
on concreteo 
Programming the Model 
Before programming, all possible simplifications were 
made in the model. This included the writing of new equa­
tions based on the above assumptions, and the combining 
and simplifying of existing equations. 
Since y remains small for all values of 0, Equation 
38 was simplified to; 
^15 - ^13 (8 + 0^3) (75) 
Also 5 
(0 + Y) ~ 0 (76) 
Since 0 was assumed to be small when the front wheels 
lifts the following two approximations were written: 
cos 0 + sin 0 9= (77) 
cos 0 - 2in 0 Or (78) 
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For the same reason, Equation 19 was simplified to; 
- (H^2 ®12^ 8 (79) 
By differentiating Equation 79, the following simplified 
form of Equation 23 was obtained: 
= Zj^  - (H^ 2 cos 0 0 (80) 
Worthington (30) found that, for a rear tractor tire 
operating on a rigid surface, the normal support force is 
almost directly under the wheel center. Therefore 5 for a 
tractor operating on concrete; 
0 (81) 
Also, for a level concrete surface, the thrust and rolling 
resistance forces act at the tire-concrete interface 0 
Therefore, 
^22 - %21 - (82) 
Since the two rear wheels were identical and operated 
on the same surface, the force systems acting on them were 
identicalo Therefore, 
P21 = P31 (83) 
P22 = "32 ' 
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When Equations 42, 43» 4?, 65, 75} 77 and 78 were 
combined with Equation 39 and the result was simplified, 
the equation that resulted was ; 
Ig e = 2R^  ^|[^ 12~^ 4^ 12 + 2T - X^ c^os ( e+ô^ j.) 
-] 0. r 1 
- sin (e+ô^)J + — 1 X^^oose-Z^^sinej (85) 
Z^^cos 0 + X^^sin 0 
W-t CO 
- p sin (0+9^^) 
The slope angle 6 was retained for generality. For the 
assumed level concrete strip 6 = 0 ,  
When Equations 42, 44, 76 and 83 were introduced into 
Equation 40, the result was: 
W-n O O 
— = - 2R22 - 2R2|,3_ + cos 6^ + p sin 0 (86) 
Similarly, when Equations 43, 45, 4?, 76 and 84 were 
combined with Equation 41, the result was; 
W. .. 
— = 2(R2^-R22) - sin 6% - p cos 0 (87) 
The two rear wheels behave identically. Therefore only 
one moment equation for a rear wheel. Equation 46, was 
needed in the program. Since X^^ = 0 (Equation 81), one 
term was immediately eliminated from Equation 46. Since 
6o 
^22 ~ ^ 21 (Equation 82), two terms were combined» Because 
the tractor had an operable differential no subscript was 
necessary for To Equation 46 therefore became; 
.Ig «2 = T - ^ 21 (^23-^22' (88) 
The following form of Equation 85 was found to be 
most suitable for programming; 
Ig d0 = 2(X^2"^4Zl2) ^ 41^'^ + 2Tdt - cos 
W-, X-j GO 
+ (W^Zq_2_) sin ( e+ô^)dt + ) .Z^(cos0)dt 
1^^ 3 1 °° 1^ 1 
- (—g ) (sin0)dt + (cos0)dt 
+ ( (sin0)dt - (H^^) p sin (0+0^^)dt (89) 
The flow diagram for the solution of Equation 89 is shown 
in Figure 15. Nine appropriate input variables must be 
generated from elsewhere in the model. When these are 
multiplied by appropriate constants and summed, the result 
is I d0o Division by I and two integrations are then 
o 0 
necessary to obtain 0. 
Equations 86 and 87 were put into the following res­
pective forms for programmingo 
Td» 
cos (® + Sx) d f 
® dt 
d® 
99 d® 
z, (sin ®) df 
kl (cos ®)df 
K (sin ®)df 
Figure 15o Flow diagram for the generation of 0 
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dz^ = -2(^) Rgi dt - 2(^) dt + (g cos 6^) dt 
(90) 
- (g sin Ggjdt - (^) p (sin 0) dt (91) 
Flow diagrams for the -programming of these two equations 
are shown in Figures l6 and 1?, respectively» Note the 
nonlinear use of integrators for generating products of 
accelerations a n d  trigonometric functions o f 8 ,  e . g . .  
(cos 0 ) dt. 
Trigonometric functions of 0 are generated in the flow 
diagram of Figure 18. These functions serve as inputs in 
other parts of the program. 
Equations 53 and 80 suffice to determine the normal 
support force on a front wheel. These equations were 
written in the following respective forms before program­
ming; 
(92) 
f^ CD^ +z^ +s^ jdt + (dz^ +ds^ )C^ , (D^ +Z2j,-i-S2^ )>0 
0 , (0^ +Z4+8^ )<P 
a 15" 9 COS. Sx 
a 16= 
p(sin G) df 
R41 df 
cos So 
22\ z (cos S)dt 
d(cos 
R^. dl 
d(sinO) 
sin ©0 
i t  (sin®) df 
o\ 
VJJ 
Figure 16. Plow diagram for the generation of functions of 
I 
024= g Sin Sx 
9 
3 25-
326= ^9-^ 
P (cos 0) d t 
30 
29 dx 28 
cos Q 
k, (cos ®) dt 
2o 
sin 
Ri (sin 0) df 32 d(sin ®) 
Figure 17 » Flow diagram for the generation of functions of 
d(sin S) 
sin Go 
d(cos ®) 
cos ©o 
d(sin ®) 
sin 00 
35^ (sin ® )d^ 
cos G^ 
36^ . (cosG)dt 
-b> ^ 
(sin G) dl 
sin Sk 
( c o s  ® ) d t  
cos Sx 
39^^ cos(®+Sx)df 
ON 
(sin ®) dt 
(cos ®)dt 
sin ox 
42"^ sin( ® + - S x ) d f  
Figure 18« Flow diagram for the generation of functions of 0 
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Figure I9 illustrates the flow diagram for programming these 
equations. The surface roughness variable, s^, was re­
tained for generality. For the non-oscillatory concrete 
test surface, s^ = 0* Because of the form in which it 
appears in Equation 93j could be a function of any 
variable. This is very fortunate in that s^ needs be 
known only as a function of Thus, roughness informa­
tion can be communicated to the computer in the form of 
discrete data points determined from actual surface 
profiles. 
The relay in Figure I9 is required because of the 
dual form of Equation 93» Whenever the front wheels are 
off the supporting surface, the support force must be zero. 
The actual force-deflection curve of a front tire is pro­
grammed into EFG 1002, Excursions to the left of the 
origin of the force-deflection curve are prevented by the 
relay. 
Equations 21 and 2? were combined and the result was 
expanded to the following form for programming; 
dZg = dt + cos 0^^)(cos 0) d0 
- sin 0^^) (sin 0) d0 (94) 
Equation 5^ was rewritten in the following form for use 
in the same flow diagram; 
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© dt D4 4-00 
201 *40 
1001 
data 
48 
Figure 19o Flow diagram for the generation of dt 
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r 
i 
+ (IZg+aSgjCg, (Dg+Zg+Sgj^O 
(95) Epi dt = 
' 0 , (Dg+Zg+Sg)^^ 
The flow diagram for programming Equations $4 and 95 is 
shown in Figure 20o Similar remarks apply to both Figures 
19 and 20o 
Equations 25 and 30 were used to obtain the differen­
tial dXp for use later in the program. When these equa­
tions were combined and modified for programming, the 
result was; 
d%2 = dx^ + e^dt + H^^sin(0+0^^) d0 (96) 
The flow diagram for programming Equation 96 is shown in 
Figure 21. The flow diagram J" or generating d^g and 
shown in Figure 22. The following equations 
were used in preparing the diagram; 
Ig d$2 = T dt - Zgi (E22-R22) (97) 
= g (TBg) (52) 
X 
d(TRp) = - r d(—) (98) 
^20 §2 
(822-^22) at = (Bg-w^) B21 at (99) 
Equation 98 was obtained by differentiating Equation 51c„ 
(cos ® ) dG 
— 301:^  
—(sin ®) dS 
H,, sin e 
2 +00 
20 
52 ds 
200 
data 
20 
54 df2 100 
Figure 20. Flow diagram for the generation of dt 
sin (®o + 0,,)  d© d® 
56 
d© LOO 
G d Q  58 
20 20 
302 30: 64 
•5>— 
H|, sin{0+-0, |)  d 0 62 
Figure 21. Plow diagram for the generation of and derivatives 
_00 OpI 0.011 
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Figure 22, Plow diagram for the generation of d§g and (Rg_-B22 )(lt 
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Equation 99 was derived from the combination of Equations 
48 and 49. In Figure 22, the combination of components 
202, 203, 902; 903 and 904 serve to prevent negative wheel 
speeds. The network passes only positive increments in 
wheel speed when the wheel speed is near zero. Integrators 
69 and 70 form a reciprocal function generator. The 
reciprocal function generation is operable only if 
However, the use of constant multipliers 68 and 7I in 
effect relaxes the restriction to 3^Q>0.01. Components 
1006 and 72 suffice to calculate the differential of travel 
reduction. The empirical traction-slip function 52 is 
brought into the program via EFG 1007. An approximation was 
required in obtaining inputs for component IOO8. The differ­
ential form of was not available anywhere in the program. 
However, the differential dfg, which does not include the 
contribution of the viscous damping force, was available 
from component IOO8, Figure 20. The use of the approxima­
tion df2 ?= dRg^ seems reasonable, since the effect of damping 
on the thrust force is probably small. 
The components in Figures 21 and 22 make up a signifi­
cant part of the entire program. All of these components are 
replaceable by the relatively few components shown in 
Figure 23. Figure 23 is based on Equation 97 the 
following equation; 
(100) tag = dx^  - Hii a 00s (e + 0^^) 
d ®  
56 
20 
4COS(S+9 | |1 ]  
303 d x  64 
d x  
2^0 
T d  
1007 67 
Figure 23. Alternate flow diagrams for the simplification of the program by 
the introduction of empirical wheel speed date 
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Equation 100 is merely the differential form of Equation 18 
combined with 29» When the system of Figure 21 is used, 
traction-slip data are not necessary; however, it is neces­
sary to have empirical data relating to to The choice 
of Systems thus depends primarily on the type of input data 
available. 
Figure 24 is an illustration of a flow diagram for the 
• generation of functions of the drawbar load, p. The dia­
gram specifies p as a function of to In some problems',-.it 
o 
would be more reasonable to relate p to x^o For example, 
the draft of a plow is related to the forward speed of the 
plow* In other problems, it would be more meaningful to 
relate p to x^o For example, the draft of a plow might 
vary with position in the field because of varying soil 
conditionso Any variable could be used as an input for 
EFG 1008 in Figure 21, provided p could be specified in 
terms of the input* 
The equations describing the behavior of the tractor 
engine, clutch and transmission,^including an operable dif­
ferential, were derived previously. They were rewritten 
o e 
below for convenience. The equality of with was 
incorporated in the equations, 
- Is w (55) 
Tg = TCi») (56) 
dO 
75 74 
d [sin(© + 613O 
Po sin(®o+ 0,^ 
p sin 76 
sin 0, 
pit 
, 1009 
cos G po cos Oq 
d(cos Q) 
78 
Figure 24. Plow diagram for the generation of functions of p 
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^ca) w = 2N (8 + §2) (101) 
T 
c 
^ > 2N (0 + §2) 
= Wo ^0 Fo (60 )  
T = N n (68)  
The flow diagram for programming these equations is shown 
in Figure 25» The torque-speed curve for the engine (Equa­
tion 56) is introduced via EFG 1013» The clutch behavior 
is introduced via EFG 10l4, and is described by Equation 
101o The tractor operator controls the breakaway torque 
of the clutch by varying the position of the clutch pedal, 
which in turn varies F^ (Equation 60). 
The best understanding of the behavior of the engine 
simulator can be gained by assuming that the tractor is at 
rest, the engine is running, the transmission gears are in 
mesh and the clutch pedal is depressed. Then there is no 
output from EFG 101], since uu corresponds to no-load fast 
0 
idle of the engine. There is also no output from EFG 1014, 
since T^ = 0 (the operator has the clutch disengaged). The 
engine is running but the tractor is motionless, and there­
fore the bottom portion of Equation 101 is applicable* In 
the model, relays 87, 89, 93 and 96 are closed, while relays 
88 and 94 are open* Components 80, 82 and 84 are not pro­
ducing any change in engine speed to, since the torque on 
Figure 25. Plow diagram for simulation of the tractor engine 
n 4 
93 
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0 w do 4-00 
dw 
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+ 00 
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T d f  
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both sides of the flywheel is zero. 
The tractor remains motionless until the operator 
"begins engaging the clutch. Correspondingly, there is no 
output from the simulator until begins to increase 
with time. The increases in are transmitted through 
components 95? 96 and 97= The tractor transmission system 
transmits torque to the wheels and chassis (Equation 68 
or component 98), so (0 + begins to increase. Also, 
torque T^ is transmitted via component 84 to summer 82, 
which begins to compute decreases in the engine speed. 
The decreasing engine speed and the increasing (0 + 
are compared at summer 86 and relay 87 to determine if 
the clutch is still slipping. If so, the decreases in 
engine speed are communicated via relay 89 and summer 90 
to EFG 1013. As u) decreases, an increasing T^ emits from 
integrator 79. 
Engine speed uj continues to decrease and (0 + Sg) 
continues to increase until equality is achieved and the 
clutch stops slipping. At this point, relays 87, 89, 93 
and 96 open and remain open. Relays 88 and 9^ close and 
remain closed. Thereafter, changes in engine speed are 
computed from (d0 + d^p) through use of component 83. 
These speed changes are communicated through relay 88 and 
summer 90 to EFG 1013 and to component 9I. Components 1013 
and 79 compute the engine torque which corresponds to the 
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present speed» Component 91 computes the torque contribu­
tion from the engine inertia as speed changes occur. Sum­
mer 92 sums these two torque contributions and transmits 
the result via components 9^ and 97 to component 98. 
The behavior of the engine simulator can be summarized 
as follows: When the clutch is slipping, the engine torque 
is computed using Equation 60 and the bottom half of Equa­
tion 101o Engine speed changes are determined from the 
engine torque, the load torque and the engine inertia. 
When the clutch is not slipping, engine torque is computed 
from Equations 55 and 56 and from the upper half of Equa­
tion 101o The engine speed is determined by the rotational 
speed of the chassis and wheels. Equation 68 is used to 
compute the rear axle torque from the engine torque» 
An alternative was provided in case the engine simula­
tor failed to function properly. The flow diagram for the 
alternate method is shown in Figure 26. Empirical torque™ 
time information is required for the system of Figure 26, 
The alternative method provides a considerable reduction in 
complexity of the program. However, the system of Figure 
25 is preferable, since its use requires only basic infor­
mation about the engine. 
T dt 98 1013 dT 
Figure' 26. Alternate flow diagram for the generation of T dt 
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INSTRUMENTATION AND APPARATUS 
Description 
A John Deere Model 3010 diesel was chosen as the 
prototype tractor. Appropriate measurements were made 
on the prototype in order to obtain parameters for the 
model. Later J measurements were made on the tractor 
during tipping tests to verify the accuracy of the model. 
To facilitate these measurements, the tractor was fully 
instrumented. Certain peripheral apparatus was also 
built to use in parameter determination. Many of the 
instruments consisted of electric resistance strain gages 
glued directly to the tractor. The gages were always 
used in groups of four, which were electrically connected 
into Wheatstone bridges. Every bridge was therefore 
temperature compensated. All of the gages were moisture 
proofed with wax. 
Two I-beams were attached to the tractor to limit the 
maximum angle of tip, as shown in Figure 2?. The I-beams 
had a hinged connection to the chassis at the front, and 
were carried by the 3-point hitch at the rear. The I-beams 
were designed to strike the supporting surface at approxi­
mately 25° of tip. The inclined extensions at the rear 
were designed to convert any kinetic energy of motion into 
potential energy of a raised center of gravity at an angle 
Figure 27o The I-beams limiting the 
angle of tip of the proto-
type 
Figure 29* Instruments for measure­
ments on a front wheel 
Figure 28, Tractor drawbar with load 
dynamometer and with 
quick load-release mechan­
ism 
Figure 30. The angle accelerometer 
mounted on the tractor 
fender 
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of tip considerably less than 90°. Thus, the tractor could 
not possibly overturn backwards when operating on a level 
surface. This fact allowed the tractor operator to con­
centrate fully on the experimental tests. 
The drawbar dynamometer is shown in Figure 28. Pour 
strain gages were used in a double T arrangement for mea­
suring axial loads in the drawbar» The strain gages were 
arranged to provide zero sensitivity to bending loads, A 
metal enclosure was built around the gages to prevent 
mechanical damage. The mechanism shown on the end of the 
drawbar was designed to allow quick release of the drawbar 
load. The tractor operator could release the load from 
the operator's seat. 
Complete measurements of the front wheel behavior 
could be made with the instruments shown in Figure 29« 
The d.c, tachometer generator was attached to provide a 
voltage proportional to the front wheel rotational speed. 
Eight strain gages were attached to the vertical strut of 
the axle. Four gages were arranged in a double T arrange­
ment for measuring axial loads induced by the normal force 
on'the wheel. The other four gages were arranged to mea­
sure the bending stresses induced by rolling resistance 
forces on the wheel. Several layers of friction tape were 
used to protect these gages. 
An angle accelerometer was used to provide a signal 
proportional to tipping acceleration. In Figure 30, it is 
shown attached to the fender of the tractor. The accelero­
meter was model AAl4"50-350; built by Statham Instruments, 
Inco 
Figures 31 through 3^ illustrate instruments for 
making measurements at the right rear wheel. Figure 31 
shows strain gages attached to the 45° helicies of the 
rear axle. These were designed to measure the rear axle 
torque. Since the external portion of the axle contained 
a keyway, the gages were attached to the portion of the 
axle which extended inside of the axle housing. The elec­
trical connection to the bridge was brought out through a 
milled slot under the bearing (Figure 32). A commercial, 
miniature brush and slip ring assembly was used to transmit 
a signal from the rotating axle to the non-rotating chassis. 
The body of the slip ring was recessed in a hole in the end 
of the axle (Figure 34). 
The entire cast iron axle housing is shown in Figure 
33o The metal enclosure around the housing contained eight 
strain gageso Two of these gages were glued to the front 
face of the axle and two to the rear. These gages were 
interconnected to measure bending stresses induced by 
horizontal forces acting on the wheel in the direction of 
travel. Two gages were glued to the top and two to the 
Figure 31o Strain gages on the ^5° 
helicles of the rear axle 
Figure 33» Rear axle housing with 
tachometer generator and. 
with strain gage enclosure 
Figure 32. Strain gage cable inserted 
through a machined slot 
under the bearing 
Figure 34. Chain drive for tachometer 
generator 
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bottom' faces of the axle housing. These gages were inter­
connected to measure bending stresses induced by vertical 
support forces acting on the wheel. This bridge would also 
sense bending stresses induced by lateral, horizontal forces 
acting on the bottom of the wheels Fortunately5 such forces 
are not usually present in a tractor operating on a level 
surface. 
A do Co tachometer generator can be seen attached to 
the axle housing in Figure 33» This generator was chain 
driven by the rear axle, as shown in Figure 34, It was 
designed to provide a signal proportional to the rotational 
speed of the wheel relative to the chassis» 
A microswitch was mounted above the clutch pedal « 
The microswitch was closed only when the clutch was fully 
engaged. The microswitch was used to trigger an event 
marker on the Dynograph oscillograph discussed below. Thus 
the time required to engage the clutch was automatically 
recorded. 
The instruments at the data collection center are 
shown in Figure 35. The two units on the right comprise 
a Dynograph; type R direct writing oscillograph, manufac­
tured by the Offner Division of Beckman Instruments, Inc. 
One unit contains the amplifiers and power supplies. The 
other unit contains the paper drive and the pen motors. 
The Dynograph features doC. excitation of the strain gages. 
Figure 35o The computer and recorder 
used in acquiring verifica­
tion data from the proto­
type 
Figure 37. The 8-channel junction box 
used at the tractor 
Figure 36. The author and the co-
major professor checking 
calibration of the inte­
grators 
Figure 38. The 8-channel junction 
box used at the recorder 
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The unit at the left in Figure 35 is a TR-20 analog computer 
made by Electronic Associates, Inc. It was used to inte­
grate the signal from the Statham angular accelerometer in 
order to provide velocity and displacement signals. 
The author and one of his major professors are shown 
checking calibration of the integrators in Figure 36. 
A communications system was required to transmit the 
various signals from the tractor to the Dynograph recorder. 
The cable used for this purpose can be seen in Figures 35 
and 36. This cable contained 32 wires shielded in pairs. 
The resistance of each wire was 0.0161 ohms per foot. 
Since the cable was 120 feet long, the lead wire resistance 
was approximately 2 ohms per wire. A junction box was re­
quired at the tractor for connecting the individual instru­
ment circuits to the cable. The junction box shown in 
Figure 37 was fabricated for this purpose, A similar junc­
tion box was fabricated for use at the recorder, as shown 
in Figure 38. The latter junction box included a means for 
connecting a voltmeter across the source being used to 
excite any of the instruments. Thus any of the excitation 
voltages could be monitored, as shown in Figures 35 and 38. 
A new method was developed for measuring the mass moment 
of inertia of the tractor chassis. The methodis fully ex­
plained later; however, it basically entailed measuring the 
pitch (rotation about an axis parallel to the rear axle) 
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frequency as the tractor vibrated on linear springs. The 
springs used for this purpose are shown in Figure 39» Each 
spring consisted of a pair of high strength (100,000 psi 
minimum yield stress) simply supported beams with provi­
sions for concentrated loading at the center of the span. 
Strain gages were attached, two per beam, at a distance of 
lo5 inches from the center of span. The gages were inter­
connected to measure the total load at the center of the 
span, regardless of its distribution between the two beams. 
The signal from the gages could be used to determine the 
frequency of vibration of the spring or, with suitable 
calibration, to determine the concentrated load causing 
deflection of the beams; 
The spring for supporting the rear of the tractor is 
shown in Figure 40. As shown in Figure 40, the span length 
was infinitely variable. Thus, the spring constant was 
also infinitely variable. 
In Figure 4l, the front spring is shown supporting the 
front end of the tractor. In Figure 42, the author is 
shown demonstrating one of the methods for exciting the 
tractor into vibration. 
A track-type tractor was used to provide a drawbar 
load for the tractor. Figures ^3 and 46 are front and 
rear three-fourth views of the crawler. The cable and 
weight system shown was intended to make the drawbar load 
Figure 390 The two "springs" used in 
determining the chassis 
mass moment of inertia 
Figure 41» The front spring in posi­
tion under the front axle 
of the tractor 
Figure Side view of the rear 
spring 
Figure 42. The tractor being dis­
placed from equilibrium 
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as uniform as possible. During drawbar tests, the fuel was 
shut off on the crawler engine so the engine could not run. 
The transmission gears were put in mesh and the clutch en­
gaged. Consequently, when the crawler was pulled forward, 
its dioâel engine was driven by power from the tracks, A 
valve was provided on the exhaust stack, as shown in Figure 
45. By adjusting this valve, the crawler operator could 
control the crawler's resistance to forward motion* The 
crawler brakes could also be used for this purpose. During 
tests, the resistance to forward motion would be kept at 
the point where the drawbar pull of the tractor would just 
keep the weights suspended. If the weights began to rise 
too far, the crawler would be allowed to travel faster and 
vice versa. 
A 4:1 force multiplication was provided at the front 
of the crawler to decrease the amount of suspended weight 
per unit of drawbar pull. Figure 44 is a close-up of the 
pulley system used for providing the 4:1 multiplication. 
This force multiplication made the crawler operator's job 
more difficult since, for every inch the tractor moved 
away from the crawler, the weights rose 4 inches and vice 
versa. 
At the endof a run, it was necessary to somehow raise 
the weights so the crawler could be backed into position 
for the next run. A cross arm attached to the crawler's 
Figure 43o Front three-fourths view 
of the load crawler 
Figure 45» Close-up of the valve 
system used for thrott­
ling the engine exhaust 
Figure 44, Close-up view of the 
pulley system for 4:1 
force multiplication 
Figure 46 * Rear three-fourths view 
of the load crawler 
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hydraulic lift arms was used for this purpose» Two 
fingers on the cross arm engaged a lug on the cable, as 
shown In Figure 43. By hydraullcally forcing the lift 
arms down, the crawler operator could raise the weights 
as shown in Figure 46a 
The torque-speed characteristic of the tractor engine 
Was needed in the model. Apparatus was developed to per­
mit on line plotting of the required curve with an x-y 
plotter, •Figure 4? is an overall view of the equipment, 
A cradled dynomometer was used for imposing a PTO load on 
the tractor. An instrumented tension link was put in series 
with the load scale, as shown at the center of Figure 4?. 
The strain gages on the link could be used to sense torque, 
A d,Cc tachometer generator was used to sense the rota­
tional speed of the dynamometer. Figure 48 is a top view 
of the tachometer generator being chain driven from the 
load generator, 
A "powerometer" was developed to provide excitation 
and balancing networks for the strain gage bridge. The 
"powerometer" is the black box shown in Figures 4? and 49» 
The device was named for another of its functions; it 
contained provision for removal of the battery excitation 
from the strain gages and connection of the tachometer 
generator as the excitation source. With the excitation 
voltage being proportional to speed, the signal from the 
strain gage bridge would be proportional to power. 
Figure 47» Overall view of the load 
generator and Instruments 
Figure 49o Front view of the power-
ometer, amplifier and 
x-y plotter 
Figure 480 Top,view of the d,Co 
tachometer generator 
being chain driven by 
the load generator 
Figure 50o Close-up of x-y plotter 
plotting a torque-speed 
curve 
TOI 
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The plotter used was a model 2D-2 Autograph x-y re­
corder, manufactured by P. L. Moseley, Inc. The signal 
from the strain gages was insufficient to drive the plot­
ter. Consequently, a model 3520 doC, amplifier, made by 
Dana Laboratories, InCo, was used to preamplify the strain 
gage signal» The plotter and amplifier can be seen in 
Figures ^ 7 and 49. 
In Figure 50, the plotter is shown plotting a torque-
speed curve» Torque was plotted on the Y-axis of the 
plotter and speed on the X-axis» By putting the dyno-
mometer through several loading and unloading cycles, 
"confidence bands" on the data could be quickly estab­
lished» 
Calibration 
Three of the instruments on the tractor were not used 
in this research and therefore were not calibrated» The 
three were the front wheel tachometer generator and the 
bridges for sensing horizontal forces on the front and 
rear wheels. All of the other sensing elements on the 
tractor were calibrated. 
The bridge for sensing the front wheel support force 
was found to be nonlinear. Also, because of the size of 
the strut on which the gages were attached, the signal 
from the bridge was very small and the zero point tended 
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to drifto FortunatelyJ the front wheels were off the ground 
throughout most of each test, so the support force on the 
wheel was usually zero. The signal from the bridge did 
provide a precise method of recording the instant of lift­
off and touchdown of the front wheels. Since this was the 
only purpose for which the bridge was used, calibration 
data are not given for it. 
The rear wheel support force sensor was calibrated 
with the help of a scale. The tractor was positioned on 
jacks with the right rear wheel directly above the scale. 
As the tractor was lowered onto the scale, data were taken 
to relate the output of the sensor to the load on the scale. 
Data were taken through two cycles of loading and unloading 
of the scale. The scale used was a ^^00-pound capacity 
platform scale built by the Ottumwa Works of the John Deere 
Company, The scale featured strain gage load sensing with 
readout on a static strain indicator. 
The gages in the rear wheel support sensor were at­
tached to the cast iron axle housing. Since cast iron has 
a nonlinear stress-strain curve, there was some concern 
that the sensor would be nonlinear. Fortunately, because 
of the low stress level in the cast iron, such nonlinear 
behavior was not detectable. The calibration curve for the 
sensor is shown in Figure 51o The data points are tabulated 
in Table 1, An IBM 70?^ computer was used for obtaining a 
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Figure 51» Calibration curve for the rear wheel support 
force sensor 
105 
Table 1= Calibration data for the rear wheel support 
force sensor 
Load Output Load Output 
lbs o mv lbs. mv 
0, 0,0000 Oo -0.0325 
322. 0.1175 0. 0.0000 
1018 c 0.3750 503. 0.1850 
1566 0 0.5750 1070. 0,4150 
2443. 0.9000 18010 0.7000 
3414. 1.2750 3127. 1.1625 
4236. 1.5750 3763. 1.4250 
4657. 1.8250 4480. 1.7250 
4403 0 1.6750 4354. 1.6750 
3249. 1.2500 3716. 1.4500 
2578. 0.9500 3267. 1.2750 
155I0 0.5875 2625. 1.0250 
1315.0 0.4750 2076. 0.7875 
843. 0.3300 1012. 0.4000 
582: 0.2100 530. ' 0.1925 
316; 0.1100 910 0.0175 
32, 0.0188 0, 0.0175 
Slope = 0.38403286E -03 
Intercept = -0o79^98200E -02 
Excitation voltage = 6,0 volts 
Bridge resistance = 121 ohms 
Wheel ballast = 1^40 lbs, cast iron 
Lead resistance = negligible 
Data taken 5-20-65 
least squares fit of the straight line to the experimental 
data points o Although the line did not pass through the 
origin, the offset was negligible» The slope of the line 
was found to depend upon the amount of ballast on the 
wheelo Therefore 5 during calibration the wheel was 
weighted exactly the same as for subsequent testso 
Figure 52 is a diagram of the system used for cali­
brating the rear axle torque sensor. Approximately eight 
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Figure 52; Schematic diagram of the system used for 
• calibrating the rear axle torque sensor 
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degrees of rotation were required to fully load the rear 
axle. In order to keep the arm as nearly horizontal as 
possible, the arm was positioned 4° below the horizontal 
at the start of loading. Since the tractor was equipped 
with power brakes, these could not be used to restrain the 
inner end of the axle unless the engine was running. 
Instead the transmission was shifted into park and, because 
of the differential 5 the left rear wheel was restrained 
with a chain, 
A hydraulic jack was used to vary the force on the end 
of the arm. The 5000-pound scale was used to measure the 
force. The relationship of the force to the sensor output 
(e^) is shown in Figure 53» The line is a least squares 
fit to the data points listed in Table 2. The intercept 
of the line was assumed to be essentially zero. 
Since the 60-inch arm rotated through + 4° during 
loading, the average inclination of the arm was taken to 
be 2°o Also, as shown in Figure 52, the arm formed 3° 
less than a right angle with the rear axle. The average 
effective arm length was therefore; 
(60)(cos 3°)(cos 2°) = 59°88 inches (102) 
The sensitivity of the torque sensor was calculated from 
the effective arm length and the slope of the line on 
Figure 53» The resulting sensitivity was: 
= - 0.02150+ 0.00624 (FORCE) CO 
w 
CO 
O 200 400 600 800 1000 1200 1400 1600 
LOAD ON TORQUE ARM, LBS. 
Figure 53<, Curve used in calibrating the rear axle torque sensor 
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Table 2. Data for calibrating the rear axle torque sensor 
Load Output Load Output 
lbs. mv lbs. mv 
0 0.0000 0 0.0000 
120 0,7500 177 1.0750 
238 1,5000 352 2.1500 
342 2.1000 488 3,000 
#7 2.8000 663 3.8500 
3.3750 797 5.0000 
665 4.1250 947 5.8750 
780 5.0000 1096 6.7500 
878 5,5000 1207 7.5000 
1003 6.2500 1325 8,2500 
1107 6.8750 1444 9,0000 
1212 7.5000 1566 9.7500 
1332 8.2500 1220 7.6250 
1445 8:8750 860 5.3750 
1220 7.6250 666 4.1000 
945 5.8750 296 1.8500 
668 4.1500 179 0.9380 
490 310500 58 0.2750 
303 1.8500 6 0,0500 
52 0,3000 
Slope = 0:623506052-02 
Intercept = -0,2l495300E-01 
Excitation voltage = 6,0 volts 
Arm length = 60 inches 
Lead resistance = negligible 
Data taken 5-12-65 
e ^ 
= lo046 X lO" mv per lb-inch (103) 
This sensitivity equation is valid only if the excitation 
voltage is 6oO volts and the lead wire resistance is 
negligibleo 
The calibration of the rear wheel speed sensor was 
carried out with the rear wheels raised off the floor. 
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The wheel speed was determined by locking the left rear 
wheel; operating the right rear wheel at constant speed 
and measuring the time required for 10 revolutions of the 
wheel. In initial tests, excessive electronic noise was 
superimposed on the signal from the wheel speed sensor. 
When a 60 microfarad capacitor was connected across the 
do Co tachometer generator supplying the signal, the noise 
problem was solvedo It was desired to attenuate the sensor 
signal enough to obtain a sensitivity of 1.0 rad/sec per 
volt at the input to the recorder» A potentiometer suit­
able for this purpose was available on an input coupler of 
the Dynograph recorder» The setting of the potentiometer 
was accomplished by trial and erroro The wheel speed would 
be determined and, with the tractor wheel still running, 
the potentiometer would be adjusted to give the proper pen 
deflection on the recorder» Then other speeds~.:would be 
checked with the same potentiometer setting. As shown in 
Table 3s a potentiometer setting of 0.442 gave the desired 
sensitivity. 
The load crawler shown in Figures 4-3 through 46 was 
used in calibrating the load sensor on the tractor drawbar» 
The brakes on the load crawler were locked, and the tractor 
was made to lift increasing numbers of weights on the 
crawler. Each time the weights were lifted, the tractor 
brakes were locked and all vibrations were allowed to die 
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Table 3o Calibration data for the rear wheel d.Co 
tachometer generator 
Run 
Preamp Min. Wheel Pen Sensi­
setting Pot for speed defl. tivity , 
noo Gear volt/cm setting 10 rev. rad/sec cm rps/volt 
1 4 2,0 0.452 0.152 6,89 3.45 0.999 
2 4 2.0 0.439 0.152 6089 3.40 1.013 
3 3 l o O  Op439 0.195 3.37 5.25 1.023 
4 3 2.0 0.439 0.195 5.37 2.65 1.013 
5 2 1.0 0.439 0.255 4.11 4.05 1.015 
6 2 1.0 0.442 0.255 4.11 4.10 1.002 
7 3 1.0 0.442 0.195 5.37 5.30 1,013 
8 4 2.0 0.442 0.152 6.89 3.45 0.999 
Amplifier setting = XloO 
Shunt capacitance = 60 microfarads 
Data taken 7-15-65 
^Sensitivity at output of potentiometero 
out before the sensor output was measured» The calibration 
curve for the drawbar load sensor is shown in Figure 5^» 
The line is a least squares fit to the data listed in 
Table 
A skillful tractor operator was required when the 
drawbar load reached 7278 pounds» At this load, the 
tractor wheels "spun out" once and the tractor had to be 
moved to a clean spot on the concrete before proceeding* 
Also, the tractor front wheels lifted each time the maximum 
load was pulledo After a few seconds the front wheels 
would settle back to the concrete and the sensor output 
would be determined» 
There is considerable scatter in the experimental 
0.6 
0.5 
f-
z> 
0. 
1— 
=) 0.2 
o Go = (760 + 0.0811 p)IO 
0 1000 2000 3000 4000 5000 6000 7000 8000 
DRAWBAR LOAD. lbs. 
Figure 5^0 Calibration curve for the drawbar load sensor 
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Table 4. Calibration data for the drawbar load sensor 
No, of Load Output 
weights lbs. mv 
0 0 0.0000 
10 5612 0.4200 
11 6173 0.5550 
12 6734 0.5500 
13* 7278 0.5875 
0 0 0.0000 
13* 7278 0.5875 
12 6734 0.5125 
11 6173 0.5350 
10 5612 0.5200 
9 5051 0.4300 
8 4490 0.3750 
7 3928 0.3050 
6 3367 0.2625 
5 2806 0.2200 
4 2245 0.1830 
3 l684 0.1550 
2 1122 0.1275 
Slope = O.8II23996E-O4 
Intercept = 0o75996500E-02 
Excitation voltage = 5» 0 volts 
Lead resistance = 2 ohms/wire 
Data taken 7-16-6^ 
Thirteenth weight was 136 lb; others weighed l40o3 
IbSo eacho 
data points on Figure 54o The reason for the scatter is not 
known. One possible explanation would be the presence of 
friction in the cable and pulley system» The pulleys were 
lubricated but probably some friction still remainedo 
An estimate of the sensitivity of the drawbar load 
sensor was made with the help of the following equation 
from strain gage theory: ' 
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e, . (5-g.)(e)(E.S.) ^ (104) 
The steel drawbar had a rectangular cross-sectional area 
2 
of 2o5 in o Assumir^ a modulus of elasticity (E) of 30 x 
10^ psij the unit strain (e) at any load P was therefore; 
G — T~ = (1.333 X 10"®) p (105) 
(2.5)(30 z 10°) 
The gage factor (G.P.) for the gages was 2,10; and the 
excitation voltage (e) was 5=0 volts. Since the gages 
were attached to the drawbar in a double T arrangement, 
the relative sensitivity (R,S.) of the bridge was 2.6. 
When all of-this information was put into Equation 104, 
the result was s 
= i2.1)(5^0)(2.6) (2^233 ^  iQ-G) 
= (9.10 X 10"®) volts/lb. (106) 
or 
e 
= O0O9IO microvolts/lb. (106a) 
This compares with the calibrated sensitivity of 0.0811 
microvolts per pound. The discrepancy between the two 
values is approximately 10^. 
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The system shown in Figure 55 was used in checking the 
calibration of the angle accelerometer. Assuming friction 
in the system did not vary with speed, a constant angular 
acceleration was imposed on the accelerometer while the 
weight was fallingo It can be shown that the angular 
acceleration (a) was s 
a = —2(F.D. ) (107) 
(P.E.)(F.T.)^  
The pulley radius (P,R.) was 5«91 inches, as shown in 
Figure 55» The fall distance (F.D.) was measured with a 
tape measure before each calibration runo The fall time 
(F.T.) could be determined from the chart record. A 
typical record is shown in Figure 56o The fall time is 
the time Interval between release of the weight and its 
impact on the floor. The points of release and Impact are 
shown on the chart in Figure 56. With the chart speed 
known, the fall time was calculated from the separation 
distance between these two points. Then EquationlO? was 
used to calculate the acceleration of the accelerometer. 
The accelerometer output was calculated from the sensitivity 
of the recorder and the deflection of the pen. For example, 
in Figure 56', , the pen deflection was 4,2 cm and the sensi­
tivity was 1,0 mv/cm, so the accelerometer output was 4,2 
mv. The acceleration calculated from Equation 10? was s 
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Figure 55° Schematic diagram for the system used for 
calibrating the angle accelerometer 
Figure 560 A typical chart record obtained in calibrating the angle 
accelerometer 
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a = —2(87.88) = 6.09 rad/sec^ (108) 
(5.91)(2.21)^ 
The sensitivity from this calibration run was therefore: 
sensitivity = = 1.45 rad/sec^ per mv. (IO9) 
The calibration was repeated at several different accelera­
tion levels. The results are tabulated in Table 5= The 
Table 5o Calibration data for the angle accelerometer 
Weight 
lb. 
Fall 
distance 
inches 
Preamp 
setting 
mv/cm 
Fall 
time 
sec 
Accel.2 
rad/sec 
Output 
mv 
Sensitivity 
p 
rad/sec 
per mv 
0,5 89.25 1.0 4.03 9.87 1.30 1.44 
1.0 87.88 1.0 2.72 4.04 2.80 1.44 
•1.5 87.88 1.0 2.21 6.09 4.20 1.45 
2.0 87.00 2.0 1.63 11.05 7.60 1.46 
2.0 87.00 2.0 1.63 11.15 7.80 1.43 
p 
Average sensitivity = 1.44 rad/sec per mv 
Amplifier setting = XI.0 
Chart speed = 100 mm/sec 
Excitation voltage = 5«0 volts 
Lead resistance = negligible 
Data taken 6-7-65 
2 
average sensitivity was found to be 1.44 rad/sec per milli­
volt. 
Specifications for the accelerometer are shown in Figure 
57» The specifications list an open circuit calibration 
121 
Accelerometer Model No, AAl^-50-350 
Serial No. 252 
Acceleration Ranges + 50 rad/sec 
Axis of Sensitivity: Perpendicular to and symmetrical 
with the base. 
Approximate Natural Frequency: 25 cps 
Damping Viscous Fluids 0.? (+0,1) of critical at 
room temperature 
Transduction: Resistive, balanced, complete bridge of 
Statham unbonded strain gages 
Excitation; 5 volts d.c. or a.c. (rms), including 
carrier frequencies 
Bridge Resistance: 348 ohms 
Calibration Factors 97»87 microvolts (open circuit) 
2 per volt per rad/sec 
Approximate Linear Acceleration Sensitivity: 0,05% fs/g 
Angular Velocity Sensitivity: Remarkably insensitive to 
angular velocity about the sensitive axis. If test 
vehicle rotates about axis other than the sensitive 
axis of the instrument, the angular velocity responseg 
at a level of 5 rad/sec is approximately 0.05 rad/sec . 
Response to Transverse Angular Accelerations Not more 
than 2% of f.s. 
Ambient Temperature Limits: -40° F, to 4- 200° F. 
Figure 57« Specifications of the angle accelerometer 
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p 
factor of 97.87 microvolts per volt per rad/sec . At an 
excitation voltage of 5»0 volts, the inverted specification 
would be 2.04 rad/sec per mv. The dicrepancy between the 
specified and the measured sensitivity is approximately 30 
to depending upon which sensitivity is used as the 
base*• The measured sensitivity was found to agree with a 
sensitivity value obtained in a test to be described later. 
p 
Acceleration levels up to 11.15 rad/sec were used in 
checking the accelerometer calibration (Table 5)« The 
acceleration levels in the experimental tests were expected 
to be considerably lower. Thus the range of the accelero-
p 
meter (+ 50 rad/sec ) was greater than needed. However, a ' 
compromise between natural frequency and range was made in 
selecting the accelerometer, A high natural frequency in 
an accelerometer is associated with a large range and a 
low sensitivity. The higher the natural frequency, the 
quicker is the response of an accelerometer to impressed 
accelerations, i.e., the shorter is its rise time (Figure 
56). The accelerometer that was chosen had a range of 
+ 50 rad/sec^ and a natural frequency of 25 ops (Figure 57)» 
The corresponding rise time of approximately 0.015 sec was 
felt to be suitable for acceleration measurements on a 
tractor. 
The springs built for the moment of inertia determina­
tions were calibrated to determine the bridge output per 
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pound of loado The platform of the 5000-11) scale was too 
small to hold either spring. Consequently, a pallet was 
placed on the scale 3 the spring under test was placed on 
the pallet and the scale was balanced. With subsequent 
loading of the spring* data pointe of output voltage vs. 
load were obtained. The results for both springs are 
plotted in Figure 58 and tabulated in Table 6. The cali­
bration lines for both springs pass essentially through 
the origin. 
The spring rate of the springs was calculated with 
the help of a beam deflection formula. In this calcula-
tion, it was necessary to know the modulus of elasticity 
of the spring material. The modulus of elasticity was 
calculated with the help of strain gage theory and the data 
of Table 6. The output voltage from a strain gage bridge 
was given in Equation 104. For the bridges on both 
springs s the gage factor was 2.10, the excitation voltage 
was 5«0 volts and the relative sensitivity was 4, there­
fore, for both springs: 
, = 10.5 , (110) 
Figure 59 illustrates side views of the two springs as they 
were adjusted when the data of Table 6 were taken. The 
strain at the gage location for the rear spring was 
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Calibration curves for the springs used in determining the mass 
moment of inertia of the chassis 
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Figure 59o Schematic side views of the two springs used 
in determining the mass moment of inertia of 
the chassis 
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Table 6. Calibration data for the springs used in deter­
mining the mass moment of inertia of the chassis 
Front Hear 
Load Output Load Output 
IbSo mv lbs. mv 
0 0.0000 0 0.0000 
I.ÔOOO 1.4500 
510 3.0500 656 2.4000 
903 5.3750 1753 6.3750 
1248 7.5000 2148 8.0000 
1681 10.2500 3343 12.0000 
2149 12.7500 3457 12.5000 
2281 13.7500 4321 15.7500 
1436 8.7500 4959 18.0000 
975 5.8750 5014 18.2500 
490 2.9500 3535 13.0000 
79 0.5750 2385 8.6250 
0 0.0000 1544 5.6250 
670 2.4500 
74 0.2750 
1 0.0250 
Slope = 0.60059281 E-02 Slope = O.3633O83O E-02 
Intercept = 0.l66400E-01 Intercept = O.162II90OE-OI 
Excitation Voltage = Excitation voltage =5-0 
volts volts 
Span length = 28 inches Span length = 18 inches 
Lead resistance = negligible Load resistance = negligible 
Data taken 3-23-65 
'E 
The rear spring consisted of two rods each 1.25 inches in 
diameter. The combined section modulus (S.M.) of the two 
rods was : 
SM = MDIAM£ = Tr(1..25)^ = 0.38350 in^ (112) 
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From Equations 110, 111 and 112, the following result was 
obtained: 
^ " 12)(0^30350)(e^/P) (^^3) 
The faetor e^/g Is the load aamaltlvity of thci Taridge en 
the springo The value of this factor was taken from Table 
6 as follows s 
e^/P = 0.00363 g = 3.63 X 10"^ volts/lb (114) 
When the above value of e^/P was substituted into Equation 
113, the following estimate of the modulus of elasticity 
(E) resulted: 
E = (XO.^) (7«^) = 28.3 X 10^ psi (115) 
(2)(0.38350)(3.63il0-G) 
Similarly,' an estimate of E was made from measurements on 
the front springs. The result was; 
E = (10.(12%$) = 28,7 X 10^ psi (116) 
(2)(0.38350)(6.00±10"°) 
The results of Equations II5 and II6 were averaged to obtain 
a value of E = 28.5 x 10^ psio 
The equation for the deflection of the center of a 
simply supported beam is: 
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deflection = (11?) 
The spring rate of a beam is the ratio of the load to de­
flection, or; 
48 E I  
(span)3 
(118) 
The area moment of inertia (I) for either spring was s 
I = = 0.2396 in^ (119) 
Therefore, the spring rate for either spring at any span 
was'.: 
^ (48)(28.5x10^^ (0.2396) _ 328%lo6 
The system used for conditioning the accelerometer 
signal is shown schematically in Figure 60. It was neces­
sary to calibrate the system to relate the velocity signal 
to tipping velocity and the displacement signal to tipping 
displacemento In the calibration phase, the dotted portion 
of the circuit of Figure 66 was not present. 
The system was fully calibrated when the constants 
were known in the following three equations; 
0 = K e (121) 
a a 
.ÂCCELEROMETER__ DYNOGRAPH AMPLIFIER 
^ DYNOGRAPH GALVANOMETER 
ANALOG COMPUTER 
ed H N 
vo 
Figure 60. Schematic diagram for the equipment used in conditioning the 
accelerometer signal 
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8 = Ky (122) 
8 = Ka (123) 
The constant K was determined during calibration of the 
a 
accelerometero At this point, and were still unknown. 
Since was the net gain of the amplifier section of 
the Dynographj the relationship between e and e^  was s 
e, = Ki (124) 
The first component in the analog computer was merely a 
sign changer, thus; 
eg - -e^ - (125) 
The integrators in the computer were used with unity time 
constant; therefore; 
t 
e^ = - / eg dt (127) 
o 
t 
e^  = - y e^  dt (128) 
o 
When Equations 121, 122, 125 and 127 were suitably com­
bined, the result was; 
K-,K , t 
9 = (-^ ) / 0 it (129) 
a ^ 
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The integral on the right, however, reduces to 8« Thus the 
quantity in parenthesis must be unity and; 
Kv = ^  (130) 
The gain determined by simultaneous measurement of 
an input voltage and output voltage. With the sensitivity 
set at 1 mv/cm, an output of 550 mv resulted from a 1 mv 
input. At a sensitivity of 2 mv/cm, an output of 275 mv 
would result from the same input. Therefore, 
^ (131) 
a 
where is the attenuator setting (in mv/cm) on the accel­
eration channelFrom Equations 130 and 131s the velocity 
/ 
calibration factor was therefore: 
K A 
S = 350^ (132) 
A similar manipulation of Equations 122, 123 and 128 
leads to the conclusion that: 
Kd = - Kv = - ^  (133) 
The minus sign in Equation 133 is immaterial, since it 
merely reverses the polarity of the velocity trace that is 
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written by the Dynograph. Equations 132 and 133 are valid 
only if a consistent set of units is used, i.e., one cannot 
"use millivolts on one side of the equation and volts on the 
other. 
Some of the transducers were connected to the recorder 
through short lead wires during calibration. All of the 
transducers were connected to the recorder through a long 
cable during actual runs. Therefore, it was necessary to 
compute the effect of lead wire resistance on the calibra­
tion factors. Figure 6l is useful in illustrating the effects 
of lead wire resistance. In strain gage circuits, lead wire 
resistance can reduce the signal to the recorder in two 
ways. First, voltage drops in the excitation leads reduce 
the excitation voltage appearing at the bridge; and second, 
voltage drops in the output circuit attenuate the signal 
on the way to the recorder. 
The input impedance to the Dynograph recorder was 
greater than 2 megohms. Thus the 4 ohms total lead wire 
resistance provided negligible voltage drops in the output 
circuits of the bridges. The effect of the lead wire 
resistance in the excitation circuits was not negligible. 
For any bridge, the attenuation factor due to lead wire 
resistance in the excitation circuit is Rg/(R^+Rg)„ The 
bridges used in this research were either 120 ohm or 350 
ohm bridges. The two appropriate attenuation factors 
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(a ) ACTUAL CIRCUIT 
(b) EQUIVALENT CIRCUIT 
Figure 6lo Circuit diagrams for illustrating the effects 
of lead wire resistance 
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were thus 
A'F'120 = 0.968 (134) 
0.989 (135) 
The d.Co tachometer generator used in this research 
can be represented by the right half of Figure 6lc. The 
do Co tachometer generator had no excitation circuit andj 
as noted; no lead wire correction was necessary in the 
output circuit. Thus the lead wire resistance did not 
influence the calibration factor of the doC. tachometer 
generator. 
The appropriate attenuation factor (Equation 134 or ' 
135) was used to adjust the calibration factor of each 
sensor for which the lead wire resistance was changed be­
tween calibration and actual test runs. No correction was 
made in the calibration factor of the d.c„ tachometer 
generator. 
The excitation voltage to certain bridges was not the 
same during test runs as during calibration. However, since 
the output of a bridge varies linearly with excitation 
voltage, a correction could easily be made for the change 
in excitation voltage. 
It was not necessary to obtain calibration data for 
the equipment used in plotting engine torque-speed curves 
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(Figures 4? through 50). The load dynomometer was equipped 
with its own torque and speed read-out equipment. Thus the 
calibration of the newly developed torque and speed sensors 
could be checked at any time during a test. 
The calibration factors for all of the sensors are 
summarized in Table 7° According to Equations 132 and 133s 
Table 7« Summary of the calibration factors 
• • Corrected 
Item calibration factor 
Rear wheel support force 
Rear axle torque 
Rear wheel tach generator 
Drawbar pull 
Angular acceleration 
Angular velocity 
Angular displacement 
Springs for measuring mass 
moment of inertia of chassis 
Lead wire resistance = 2 ohms per wire 
Excitation voltage = 5.0 volts 
A = Sensitivity of acceleration channel, mv/cm 
the Calibrations factors for angular velocity and displace* 
ment depend upon the calibration factor for angular accel­
eration. The factors in Table 7 were derived from the 
measured value of accelerometer sensitivity (Table 5 ) ; iiot 
the value supplied in the accelerometer specifications . 
3230 Ib/mv 
11,900 Ib-in/mv 
1.0 rad/sec per volt 
12,327 Ib/mv 
1.46 rad/sec per mv 
0,00265 A rad/sec per mv 
0.00265 A rad/mv 
a 
k = 
(span)-^ 
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(Figure 57)» The calibration factors for angular velocity 
and displacement were not corrected for lead wire resist­
ance, since the lead wires between the Dynograph recorder 
and the analog computer had negligible resistance. 
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PARAMETER DETERMINATION 
System of Units 
Measurements were made on the prototype tractor to 
obtain suitable values for all the parameters in the 
mathematical model « TJhe system of units used in measuring 
the parameters was the inch-pound-second system» In this 
system of units and for the elevations existing in Iowa, 
the acceleration of gravity is 386 inches/sec^. 
Geometry 
The purely geometric relationships on the tractor were, 
determined with the aid of a tape measure, a plumb bob, 
chalk and a chalk line. With the aid of the plumb bob and 
chalk line, pertinent locations on the tractor were pro­
jected to a concrete floor. The required horizontal mea­
surements were then made from the marks on the floor. The 
required vertical measurements were made using the floor 
as a reference plane. By this method, the locations of 
chassis ballast, the hitch point and the front axle were 
determined relative to the rear axle. The results are 
shown in Figure 62. 
Mass and Inertia 
The mass moment of inertia of a rear wheel was deter­
mined through the use of the rear axle torque sensor and 
93.13 
C.G. OF TRACTOR AS TESTED 
4.2 
K188 
-  _ i .  
\_SPRIi\IG 
SUPPORT 
13.0 13.81 
29.19 
50.9 
Figure 62, Geometric relationships on the prototype tractor 
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the angle accelerometer. During these tests, no cast iron 
ballast was attached to the wheel. The test procedure con­
sisted of bringing the wheel up to speed and then engaging 
the brake. The axle torque and the angular acceleration 
were monitored during the subsequent deceleration of the 
wheelo The inertia of the wheel was then calculated as 
the ratio of the torque to the acceleration, A portion of 
a typical chart record is shown in Figure 63» Measurements 
were taken at nine peaks along the traces. The results 
are summarized in Table 8. The mass moment of inertia of 
Table 8, Data for determining the mass moment of inertia 
of a rear wheel 
Peak Torque Acceleration ^2 
no, Ib-in rad/sec in-lb-sec 
1 15500 25.2 615 
2 13600 25.9 525 
3 11800 17.3 682 
4 10000 19.9 502 
5 8600 12.2 704 
6 13400 24.5 547 
7 11500 18.0 639 
8 10000 18.7 534 
9 7600 11.5 661 
Average 6OI 
Torque channel sensitivity =1.0 mv/cm 
Acceleration channel sensitivity = 10.0 mv/cm. 
Chart speed = 250 mm/sec 
Data taken 6-3-65 
p 
the wheel without ballast was found to be 60I Ib-in-sec . 
Several interesting facts can be gleaned from Figure 
Figure 63. A typical, chart record obtained in measuring the rear 
wheel inertia 
14.4 ms /cm 
SLOPE =15.7 rad/gsc 
ZOrpm/cm 
I i, 
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63o The oscillations in the traces were due to the fact 
that the ^heel and axle comprised a torsional vibration 
system. The oscillations, however, were not pure sinusoids 
because of the backlash in a planetary gear set in the 
system. The acceleration trace lagged the torque trace 
by approximately 0.01 seconds. This phase lag tended to 
verify the damping ratio and natural frequency of the 
accelerometer given in the specifications of Figure 57• 
The procedure for calculating phase lag is given in 
Myklestad (19s p. IO8). From Figure 63, it was also pos­
sible to obtain a check on the accelerometer calibration 
factor. The lower trace in Figure 63,was obtained from 
the d,Co tachometer generator driven by the rear wheel. 
The slope of this speed trace indicated the angular accel­
eration of the wheel. Where the trace slope was 15.7 
rad/sec , the accelerometer output was 11 mv. The ratio 
of these two numbers gives a calibration factor of 1.^3 
p 
rad/sec per mv. This compares better with the calibration 
p 
factor of 1.44 rad/sec measured previously (Table 5) than 
' 2 
with the company-specified constant of 2.04 rad/sec per 
mv at 5.0 volts excitation (Figure 57). 
Standard l40-pound wheel weights were used for the 
rear wheel ballast. The mass moment of inertia of a wheel 
weight was determined by swinging the weight as a compound 
pendulum. The procedure is illustrated in Figure 64. The 
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= 108.88' 
mg =140 lbs. 
TIME FOR 
10 SWINGS 
MINUTES 
0.560 
0.560 
0.558 
0.559 
0.559 
0.558 
0.559 
0.558 
0557 
0.558 
0.561 
0.560 
0.560 
0.560 
0.559 
AVE TIME =0.0559 min/cycle 
T =3.354 sec/cycle 
T / T \2 p 
I = mgl -mr 
2 
= (i40)(108.88)(-^^-'^)-(^^)(108B8) = 44 in-lb-sec 
DATE: 6/4/65 
Figure 64i Determination of the mass moment of inertia 
of a wheel weight 
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equation will be recognized as the standard physical 
pendulum formula with a transfer term to move the refer­
ence axis to the center of gravity (25j p. 204). The mass 
moment of inertia of a wheel weight was found to be k-k Ib-
2 in-sec . 
The tractor was weighed to find the chassis weight 
^d the fore and aft location of the center of gravity. 
Since the wheels were assumed weightless, the entire 
tractor weight was assigned to the chassis. The weighing 
was done at the scale of the Ericson Grain Company, Boone, 
Iowa. The results are shown in Table 9» The weights were 
Table 9» Weight data for the prototype tractor 
Front end 
weight 
lbs. 
Rear end 
weight 
lbs. 
Total 
weight 
lbs. 
Stripped tractor, raw data 2150 5770 7960 
Stripped tractor, adjusted 
data 2170 5790 7960 
^Tractor with ballast, raw 
data 1430 10820 12310 
Tractor with ballast, ad­
justed data l46o 10850 12310 
Fuel depth - approximately 8 inches 
No liquid ballast in tires. 
Data taken 5-21-65 and 5-28-65. 
Ballast; 3080 lbs. cast iron wheel weights 
1270 lbs. steel planks on chassis 
1^5 
taken with zero ballast and with maximum ballast on the 
tractor. In each case, the front and rear end weights 
failed to add to the total weight, so the data were adjusted. 
The fore and aft location of the center of gravity can be 
calculated from the wheel-base (Figure 62) and from the data 
in Table 9. 
A vibratory method was used for finding the mass moment 
of inertia of the tractor chassis. The theoretical founda­
tion for the method is developed in Appendix A. The springs 
used in vibrating the tractor were not strong enough to 
support the tractor with full ballast. Thus, the method 
was applied to the stripped tractor and the effect of the 
ballast was introduced later by calculations. 
The first step in the procedure was to find For 
the stripped tractor, the data from Figure 62 and Table 9 
were used to obtain: 
The span of the rear spring was set at 18 inches. Accord­
ing to Equation 120, the rear spring rate was, therefore: 
%11 = 93-13 = 25.4 inches (136) 
= 328x10 ^ 36,200 lb/in 
(18)3 
(137) 
The condition for uncoupling the vibrating system is given 
i46 
in Appenjiix A as ; 
(138) 
From Figure 62, = 93«13 inches and from Equation 136, 
= 25.^ Inches. Therefore, the required front spring 
rate was; 
The span of the front spring was therefore adjusted to: 
The tractor was then placed on the springs as illustrated 
in Figure 65. For the combination of spring rates used, 
this induced equal deflections in the front and rear springs. 
The procedure outlined in Figure 66 was then used to ready 
the instruments for recording the pitch oscillations. The 
tractor was excited into vibration several times and the 
oscillations were recorded, A typical result is shown on 
the 3-channel chart in Figure 67. The initial vibration 
was mixed mode, but subsequently the vibration changed to 
almost pure vertical oscillation. Consequently, the pitch 
signal decayed before the tractor stopped vibrating. How­
ever, the pitch frequency could be measured from the initial 
4 = = 21.000 iVln (139) 
span = (^21000 =25.0 inches (140) 
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Figure 65= Schematic diagram of the system used for 
measuring the pitch frequency of the 
tractor 
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Procedure 
I. Lower tractor onto springs, balance bridges with: 
channel 1, sensitivity = 0.05 mv/cm, 
e = 5-0 volts 
channel 2, sensitivity = 0.1 mv/cm, 
e = 5.0 volts 
channel 3s center pen. 
IIo Raise tractor off springs, set e^ = 0 with; 
channel 1, sensitivity = 5»0 mv/cm, 
e = 4.4 volts 
channel 2, sensitivity = 10.0 mv/cm, 
e = 5"0 volts 
channel 3s pen centered. 
III. Lower tractor onto springs, rebalance bridges with: 
channel 1, sensitivity = 0.05 mv/cm, 
e = 4.4 volts 
channel 2, sensitivity = 0.1 mv/cm, 
e = 5-0 volts 
channel 3, pen centered. 
IV. Vibrate tractor, adjust channel-3 gain for proper 
trace amplitude. 
Figure 66. Procedure for setting up the instruments to 
record the pitch oscillations 
Figure 67» Typical pitch signals obtained while deter­
mining the mass moment of inertia and the 
height of the center of gravity of the 
tractor chassis 
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part of thé trace. Table 10 lists the pitch frequencies 
measured in the 2 d.f, tests. Prom Appendix A the mass 
Table 10. Data obtained from tractor vibrating on springs 
with 2 degrees of freedom 
Pitch Pitch 
Run frequency frequency 
no. cps rad/sec 
1 11.05 69.43 
2 11.11 69.81 
3 10.75 67,54 
4 - 10.29 64.65 
5 10.65 63.15 
Ave 10.65 66.92 
= 21,000 lb/in 
= 56,200 lb/in 
Tractor in stripped condition 
155 lbs. cast iron in operator's seat 
Data taken 7-27-65 
moment of inertia about the centroidal axis is given by: 
I = ^ (141) 
When the appropriate data were put into Equation l4l, the 
result was: 
=? (21000) (9:3.1?) (^3-13-25.4) ^  29,700 in-lb-sec^ (142) 
(66.92)^ 
After Ig^was determined, the rear spring was replaced 
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"by a knife edge supported by a pair of hydraulic jacks. 
Subsequently5 when the tractor was disturbed from its 
equilibrium position, it oscillated about the knife edge 
at point o (Figure 65). Only the signal from the front 
spring was recorded during these tests, A typical trace 
is shown on the 1-channel chart at the bottom of Figure 
67. The results of the tests are tabulated in Table 11. 
Table 11. Data obtained from tractor vibrating on springs 
with one degree of freedom 
Pitch Pitch 
Run frequency frequency 
no. cps rad/sec 
1 9.95 62.52 
2 10.10 63.'[j.6 
3 10.21 64 .15 
4 10.00 62.83 
5 9.69 60.89 
Ave 9.99 62.77 
kj = 21,000 lb/in 
Rear end on knife edge 
Tractor in stripped condition 
155 lbs, cast iron in operator's seat 
From Appendix A, the mass moment of inertia about the axis 
of rotation is given by: 
k 
leo = '1^3' 
^n 
When the appropriate data were put into this equation, the 
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result was: 
, ^ (21000)(93.13)^ ^  46,300 ln-lb-Beo= 
' 0 0  (62.77) 
(1#) 
The following equation from Appendix A relates to 
known information; 
'11 1^1 - ^ 14 (14-5) 
The data for this equation were recorded in the preceding 
paragraph. When these data were put into Equation l45, 
the result was; 
'11 
n 1 
386(46,300-29,700) f 2 
- 10.88 = 1.80 in ( l46) 
The centroidal mass moment of inertia given "by Equa­
tion l42 included the inertia of the rear wheels, since 
the rear wheels were locked to the chassis during the 
tests. Consequently5 the rear wheel inertia was subtracted 
to obtain the centroidal mass moment of inertia of the 
chassis. The mass moment of inertia of each rear wheel 
was found to be 601 in-lb-sec , and the centroidal mass 
moment of inertia for the entire tractor was found to be 
15^ 
2 29,700 in-lb-sec . Thus, the chassis moment of inertia was : 
I = 29,700 - 2(601) = 28,500 in-lb-sec^ (l47) 
Many calculations were necessary to compute the effect 
of ballast on the center of gravity location and on the mass 
moments of inertia. The calculations are given in Appendi:-: 
B and the results are summarized in Table 12. The day before 
the final oral examination, the author discovered an error in 
Appendix B which changed the value of I g slightly. This 
error and its effects are fully discussed on page 220a of .• 
this dissertation. 
Table 12. Summary of the effect of ballast on the center 
of gravity location and on the mass moments of 
inertia 
1^1 "11 "1  ^ 2 
in in lbs in-lo-sec in-lb-sec 
None 25.40 1.80 7960 28500 601 
3080# wheel 
weights 18.30 1.30 1040 3II8O 1085 
3080# wheel 
weights + 1270# 
chassis ballast 11.15 I.60 12310 4-3920 IO85 
155 lbs, cast iron in operator's seat 
Fuel depth = approximately 8 inches 
Wheel Reaction Relationships 
The wheel reactions are influenced by the inflation 
pressure of the tires. For this study, the rear tire 
155 
inflation pressures were kept at 18 psig and the front tire 
inflation pressures were kept at 24 psig. 
The rear tractor tires were manufactured by the 
Firestone Tire and Rubber Company. The static force-
deflection curve for a rear tire (Figure 68) was obtained 
from the Firestone Company^. The front tractor tires were 
manufactured by the B„ F. Goodrich Company. The static 
force-deflection curve for the front tire was obtained 
from the Goodrich Company and is shown in Figure 69. 
The static deflections of the rear and front tires, 
were obtained by entering Figures 68 and 69 at the appro­
priate static wheel loads. From Table 9, the rear and 
front static weights were, respectively, IO850 lbs. and 
l460 lbs. Since there were two rear and two front tires, 
the respective static loads per tire were 5^25 lbs. and 
730 lbs. The static deflections corresponding to these 
loads were from Figures 68 and 69, Dg = 3«13 in. and = 
0.665 in. 
Raney (21, p. 4l) found viscous damping constants for 
tires similar to those used in this study. He found that 
^Willis, R, G. Tractor Tire Engineering Department, 
The Firestone Tire and Rubber Company, Akron, Ohio, Load-
deflection curves for All Traction Champion Tires, Private 
communication. 1965. 
^Perkins, W, F. Manager, Tire Testing Department, The 
B. F, Goodrich Company, Akron, Ohio, Load deflection 
curves for dual ring tires. Private communication, I965. 
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the viscous damping factors did not greatly influence the 
transient "behavior of the tractor. Baney's data were used 
in estimating = 27.5 Ib-sec/in and = 8.3 Ib-sec/in as 
the respective viscous damping constants for the rear and 
front tires used in this research. 
The National Tillage Machinery Laboratory obtained 
traction data for a 15.5 % 38, 6 ply, air-filled tire 
operating on concrete at an inflation pressure of 18 
psig^. The data were in the form of traces on strip charts. 
The author used these data to plot the traction-slip charac­
teristic illustrated in Figure 70. 
The no-load rolling radius of the rear tires was deter­
mined for use with the traction-slip data. To determine 
this parameter, a chalk mark was made on one of the lugs. 
The tractor was then driven at constant speed, without 
drawbar load, over a concrete floor. The no-load rolling 
radius was then determined by dividing the distance between 
chalk marks by 2n. The no-load rolling radius was found 
to be 28.95 inches. 
Bainer, et al. (1, p. 503) presented a graph for deter­
mining the coefficient of rolling resistance of pneumatic 
tires. For a 6.00-16 tire operating on concrete at an 
^Reed, I. F. National Tillage Machinery Laboratory, 
Auburn, Alabama. Test charts for the 15.5 x 38, 6-ply 
tire operating on concrete. Private communication. I965. 
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inflation pressure of 24 psig, the rolling resistance 
coefficient was approximately 0.037- Therefore, the value 
used in this research was = 0.037. 
Power Train Relationships 
As was previously explained, the torque-speed charac­
teristic of the engine was determined with the aid of an 
x-y plotter. The original data are shown in Figure 71. 
The curve reflects the total variability in the data as 
the dynamometer was taken through three loading and unload­
ing cycles. The torques and speeds are those which existed 
at the power take off (pto) of the tractor. The pto speed 
was 0.536 times the engine speed. In Figure 72, the data 
have been replotted as the torque-speed curve at the engine. 
In replotting the data, it was assumed that 3^ of the engine 
torque was lost in transmission to the pto. Consequently, 
a factor of I.03 was used in obtaining the ordinates for 
Figure 72. Also, the units of measurement were changed to 
the inch-pound-second system. 
A blueprint of the engine flywheel was obtained from 
the John Deere Company^. The approximate shape of the 
^Thomas, M. E. Product Engineering Center, John Deere 
Waterloo Tractor Works, Waterloo, Iowa. Drawings of the 
flywheel of the 3OIO John Deere Diesel, Private communica­
tion. 1964. 
Figure 71, The original torque-speed characteristic measured at the 
pto of the tractor 
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flywheel cross section is shown in Figure 73' The centroidal 
mass moment of inertia of a right circular cylinder of 
radius r and height T is given by: 
leg = § n p T (148) 
The density of steel is p = (7.35 x 10"^) Ib-seo^/in^. 
With reference to Figure 73, the approximate flywheel mass 
moment of inertia about the centroidal axis was: 
If -
n(7.35xlO~^) 
2 (8.06)^(4.09)-(8.06-0.69)^(2.84)1 
= 10.2 in-lb-sec^ (l49) 
According to Barger, et al, (3, p. 109), for a tractor with 
both a transmission and a pto clutch, the two clutches may 
account for 40^ of the mass moment of inertia of the fly­
wheel and clutch assembly. In other words, the flywheel 
would account for only 6Q% of the total mass moment of 
inertia. Therefore, the engine inertia was assumed to be: 
le = = 17.0 in-lb-sec^ (150) 
The speed reduction ratio from the engine to the rear 
wheels was determined for all eight forward gears. One 
rear wheel of the tractor was raised off the surface, and 
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a chalk mark was made on the tire. With the tractor in 
gear and the engine running at constant speed, a stop watch 
was used to determine the wheel speed. A hand tachometer 
was used to determine the pto speed, from which the engine 
speed was determined. The gear ratio, N, was then deter­
mined as the ratio of the engine speed to the wheel speed. 
The results are shown in Table 13. 
Table 13• Data for determining the gear ratio of the 
power transmission system 
Engine 
Min for 10 Pto speed speed Left wheel 
Gear wheel rev. rpm rpm speed, rpm N 
1 1.160 433 808 8.62 93.75 
2 0.732 433 808 13.66 59.16 
3 0.562 433 808 17.79 45.42 
k 0.438 433 808 22.84 35.40 
5 0.362 433 808 27.62 29.29 
6 0.270 433 808 37.04 21.82 
7 0.218 433 808 45.88 17.64 
8 0.133 431 804 75.18 10.70 
Right wheel locked 
Engine speed = (1.866) pto speed 
Data taken 6-15-65 
According to Barger, et al, (2, p. 352), gears for 
tractors should transmit power with a loss per speed 
change of 2% or less. For the prototype tractor, 2% losses 
were assumed to occur in the transmission, the differential 
and the final drive reduction. The efficiency of the power 
transmission system was therefore assumed to be: 
16? 
T1 = 0.94 (151) 
Data concerning the clutch were obtained.from Mr. R. 
Deryl Miller of the John Deere Company . According to Mr. 
Miller; 
"Torq_ue increases at almost a constant rate 
up to a slip of Vfo and then it remains con­
stant for the extent of our tests which was 
approximately 1^% slip." 
The coefficient.of reserve was given as 2.215 and the break­
away torque was 5^00 Ib-in. Therefore; 
T^ = 5600 Ib-in (152) ' 
The above clutch data are not necessarily valid for other 
models of tractors. 
Summary of Parameters 
The parameters summarized below are from the prototype 
tractor with full ballast, i.e., 3080 lbs of wheel ballast 
and 1270 lbs of chassis ballast. The rear tire inflation 
pressures were 18 psig and the front tire inflation pres­
sures were 24 psig. No liquid ballast was contained in any 
^Miller, R. D. Product Engineering Center, John Deere 
Waterloo Tractor Works, Waterloo, Iowa. Clutch data for 
the John Deere 3010 tractor* Private communication. 19^5» 
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of thq tires. The fuel depth was approximately 8 inches. 
The operator's seat, was occupied by 155 lbs of cast iron. 
The following data were recorded on Figure 62: 
X. 22 = 93.13 inches 
2^2 = 13.81 Inches 
= 29.19 inches 
=13.0 inches 
Z i^ = 27.88 inches 
The following data were recorded in Table 12; 
= 11,15 inches 
Zii = 1,60 inches 
= 12,310 lbs 
IQ = 43,920 in-lb-sec^ 
Ig = 1085 in-lb-sec^ 
Equations 13, l4, 15, 16, 29 and 30 were used with the 
above data to obtain; 
= 11.26 inches 
0^^ = 0.1425 rad 
H-, o = 83.38 inches 
±.eL 
0 22 = 0.1859 raa 
= 31.96 inches 
0^^ = 0.4189 rad 
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Figures 68 through 70 and. the following data were obtained 
for the wheel reaction relationships; 
=2 = 3«13 inches 
^20 = 3425 lbs 
^2 = 27.5 Ib-sec/in 
% = 0.665 inches 
^40 = 730 lbs 
= 8.3 Ib-sec/in 
j!20 = 28,95 inches 
^4 = 0.037 inches 
The following data were obtained for the power train rela­
tionships : 
I = 17.0 in-lb-sec^ 
T) = 0. 9^ 
T = 5600 Ib-in. 
m 
In addition, Figure 72 and Table 13 are part of the power 
train relationships. 
The preceding data were used in the mathematical model 
for predicting the tipping behavior of the prototype, a 
John Deere 3010 Diesel tractor. 
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PROCEDURE FOR VERIFICATION TESTS 
Tests were made on the prototype 3010 John Deere 
tractor to check the accuracy of the mathematical model in 
predicting tipping behavior. Precautions were taken to 
insure that the parameters of the prototype did not change 
during the tests. The fuel depth was maintained within 
+ 1/4 inches of 8 inches. The corresponding variation in 
fuel weight was about + 3 pounds. Also, frequent adjust­
ments were made to maintain the front tire Inflation pres­
sure at 24 psig and the rear tire inflation pressure at 
18 psig. Finally, the concrete strip was swept frequently 
to prevent change in the traction-slip characteristic. 
As explained previously, the accelerometer calibration 
factor specified by the company did not agree with the 
experimentally measured calibration factor. Unfortunately, 
the accuracy of the tipping acceleration, velocity and dis­
placement signals all depended upon the accuracy of the 
accelerometer. In preliminary tests, it was found that the 
angle of tip never reached 25°j the limit imposed by the 
I-beams on the tractor. Therefore, a mechanical tip 
indicator was attached to the rear of-the I-beams. This 
tip indicator made it possible to determine the maximum 
angle of tip which occurred during any experimental test. 
The tip indicator consisted of a metal strap bolted 
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to one of the I-beams (Figure 75)• Before a test ran, the 
strap would be pushed down until it formed approximately 
a 45° angle with the I-beam. During a run, the strap would 
be forced up as the tractor tipped and the I-beam approached 
the concrete. Subsequently, as the angle of tip decreased 
to zero, friction in the bolted connection maintained the 
strap in the maximum tip position. After a run, a fork 
lift was used to tip the tractor until the strap just 
touched the concrete (Figures 74 and 75)» A level and a 
protractor were then used to measure the angle of inclina­
tion of an I-beam (Figure 76). The inclination of the 
I-beam was also checked with the tractor sitting level on 
the concrete. The difference between the two angle 
measurements gave the maximum angle of tip that occurred 
during the run. 
To check the accuracy of the model, it was necessary 
to devise tests which would cause tipping of the tractor. 
Three different types of tests were conducted. These were 
the clutch engagement tests, the drawbar load tests and 
the drawbar unloading tests. 
No drawbar load was attached to the tractor during 
the clutch tests. The tractor was parked on the concrete 
with the engine running wide open, the gears in mesh and 
the clutch disengaged. The tractor operator engaged the 
- clutch as rapidly as possible an instant after the author 
Figure 74. The fork lift raising Figure 75» The mechanical tip 
the tractor indicator touching 
the concrete 
Figure 76. The author and the co-major pro­
fessor measuring the angle of tip 
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started the recorder and computer. The time lag bet^^en 
starting the equipment and releasing the clutch was kept 
as small as possible. This was done to minimize drift of 
the.integrators and to conserve chart paper. A typical run 
is shown in Figure 77 and a typical chart record in Figure 
80. At the end of each run, the maximum angle of tip was 
determined from the mechanical tip indicator. 
The load crawler was used to provide a drawbar load 
during the drawbar load tests. The crawler operator was 
instructed to use the crawler brakes to prevent crawler 
motion until the load weights were lifted off the ground. 
The tractor operator was instructed to smoothly engage the 
clutch in such a manner that the tipping behavior would 
occur within the first few seconds of the test. He was 
instructed to start the test the instant the recorder and 
computer were turned on. Thus, the skill of the tractor 
operator was an important factor in these tests. A typical 
run is shown in Figure 78. The load cable can be seen at­
tached to the rear of the tractor. 
At the beginning of the research, it was thought that 
a sudden release of the drawbar load might cause the tractor 
to tip backward. Since the drawbar pull is below the rear 
axle, the moment of the pull opposes backward rotation of 
the chassis about the rear axle. Sudden release of the 
drawbar load would momentarily unbalance the static moments 
Figure 77, A typical clutch engage­
ment test 
Figure 79. A typical drawbar unload­
ing test 
Figure 78.  A typical drawbar 
loading test 
Figure 80, A typical chart record 
obtained during a 
clutch engagement test 
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on the tractor chassis. Then, if the initial speed of the 
engine was fairly low (Figure 72) and the inertia of the 
rear wheels was great enough, the full engine torque might 
be maintained long enough to cause some tipping of the 
chasslso The angln© torque in low or second gears is suf­
fi c i ent to overturn the tractor backwards when the rear 
wheels are immobilized. Rear wheels with large mass 
moments of inertia might approach the immobilized conditiai. 
In preliminary tests, a small plastic model of the 
tractor was used to check the above theory. The rear 
wheels were powered by a rubber band "engine". The weight 
distribution on the plastic model was similar to that on 
the prototype, but no attempt was made to measure mass 
moments of inertia of the plastic model. The scale model 
was parked with the "engine" wound to maximum torque, and 
with a drawbar load attached. When the rear wheels were 
sufficiently weighted, the tractor would flip over backwards 
after release of the drawbar load. With less rear wheel 
ballast 5 the tractor would race forward but would not tip 
backwards after release of the drawbar load. The plastic 
model thus substantiated the theory, at least for a tractor 
with a rubber band engine. The friction characteristics 
of the model test track were important in these tests. 
Much less wheel ballast was needed to cause tipping when a 
sandpaper track was used than when a plywood track was used. 
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The ballast on the prototype tractor was especially 
chosen to promote backward tipping. The rear wheel ballast 
used was over ^ 0% greater than the maximum recommended by 
the tractor manufacturer. The chassis ballast increased 
the rear wheel load even more by moving the chassis center 
of gravity rearward. However, the rear wheel inertia could 
have been increased without an increase in weight by using 
thinner wheel weights with larger outside diameters. Since 
such weights were not readily.available 5 the standard 
weights were used. 
A typical test run is shown in Figure 79° The opera- , 
tor has just released the drawbar load, and the cable can 
be seen flying backwards at the rear of the tractor. As 
the photograph shows, however, the tractor did not tip. 
Tests were made in first, second and third gears, each time 
with the throttle set wide open. In no case did the tractor 
tip after release of the load. Since the objective of the 
tests was to check the accuracy of the model and not to 
check out tipping theories 5 this series of tests was 
abandoned» 
More sensor signals were available from the tractor 
than could be recorded by the 8-channel recorder. The 
eight signals chosen for recording, however, were suffi­
cient to check the accuracy of the model. The signals 
which were recorded are listed in Figure 81. For each run, 
Figure 81 » Data form used for recording test conditions 
Run No, 
Test 
TEST CONDITIONS FORM 
Date 
Tractor condition; 
Gear 
Fuel depth, 
Rear wheel ballast, 
Chassis ballast, 
Rear tire pressure, 
Front tire pressure, 
Tractor operator 
inches 
lb per wheel ( ^ Fluid, % cast Iron) 
lb 
psig 
psig 
, weight lbs. 
Recorder conditions Chart speed mm/sec 
Channel 
no. Sensor 
Input 
volts 
Amp 
setting 
Preamp 
mv/ cm 
Pot 
setting 
Net 
sensitivity 
/line 
1 Rear wheel tachometer 0.442 
2 Rear axle torque 5 
3 Chassis ang; accel 5 1.000 
4 Chassis anp; vel 
5 Chassis ang disp 
6 Drawbar pull 5 
7 Rear support force 5 
8 Front support force l4 curve 
Remarks 
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complete information about the tractor and recorder were 
recorded on the form shown in Figure 81. The excitation 
voltages to the various bridges were monitored and main­
tained at the values listed under "input volts." The net 
sensitivities were calculated from the amplifier and pre­
amplifier settings, and from the calibration factors listed 
in Table 7» 
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RESULTS AND DISCUSSION 
Clutch Tests 
Preliminary clutch engagement tests were run to deter­
mine in which gear the greatest tip angle occurred. As 
shown in Figure 82, the greatest tip angle occurred when 
the tractor was operated in 4th gear. Consequently, 4th 
gear was used for subsequent clutch engagement tests. 
Excellent repeatability was possible from the clutch 
engagement tests. In Figure 83, the results of three 
consecutive tests are superimposed. For all variables 
recorded; the curves from the three runs exhibit very 
little spread. 
A typical chart from a 4th gear clutch engagement test 
is shown in Figure 84, This chart served as the source 
of data for the experimental curves plotted in Figures 85 
through 88. Channel 1 on Figure 83 was a trace of the 
rear wheel speed relative to the chassis. From this trace, 
it was necessary to subtract the experimentally measured 
tipping velocity in order to obtain the absolute wheel 
velocity plotted in Figure 87. The trace on channel 7 of 
Figure 84 is the rear wheel support force. By using 
ordinates from this trace with the force-deflection curve 
of the rear tire, the experimental Z2 vs. time trace of 
Figure 88 was obtained. 
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Figure 82„ Results obtained in preliminary clutch engagement tests 
Figure 83« Superimposed results from three consecutive 
clutch engagement tests 
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The experimental trace in Figure 85 was obtained by 
electrical integrations of the signal from the angular 
accelerometer. Several checks were available on the accur­
acy of this trace. The origin was known to be correct, 
since the angle of tip was zero just prior to the initial 
upturn in the torque curve (Figure 84). A maximum tip 
angle of 20° was determined by use of the mechanical tip 
indicator. This maximum tip is indicated by the horizon­
tal dashed line in Figure 85. The point of touchdown of 
the front wheels was evident from the trace on channel 8 
of Figure 84. A sharp increase in the front wheel re­
action occurred at t = 1.83 seconds. This point is indi­
cated by the vertical dashed line on Figure 85. 
As shown in Figure 85, the maximum tip angle measured 
via the accelerometer was less than that measured with the 
mechanical tip indicator. This difference was present in 
every run that was made. A theory was advanced that the 
discrepancy might be due to velocity sensitivity of the 
angular accelerometer of opposite polarity to the accel­
eration sensitivity. To check this theory, initial tests 
were made in which velocity feedback was used on the analog 
computer, as shown by the dashed circuit of Figure 60. The 
pot setting was varied to give from zero to 25^ velocity 
feedback, but essentially no difference occurred in the 
magnitude of the maximum tip signal. It was therefore 
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concluded that the velocity sensitivity of the accelerometer 
did not significantly effect the tip angle signal. 
Three different forms of the mathematical model were 
tried for predicting the tractor behavior during clutch 
engaga&ent teste. These were designated model A, model B 
and model Co Model A was the complete simulator, which 
required only basic information as input data. Model B 
Was the same as model A except that the engine simulator 
(Figure 25) was deleted and empirical torque-time data 
were introduced via the system shown in Figure 26. Model 
C was the same as model B, except that the components in 
Figures 21 and 22 were replaced by the components shown 
in Figure 23. Thus in model C, empirical wheel speed 
data replaced the data on the traction-slip characteristics 
of the supporting surface. With each model, successive 
attempts were made to improve the prediction of the proto­
type behavior. Suffix numbers were used to distinguish 
between successive trials. For example, the first trial 
with model B was designated model Bl, and the second trial 
was designated model B2. Table l4 is a summary of the 
various mathematical models used in predicting the proto­
type behavior. The computer output data were plotted only 
for the first and last trial in each sequence. 
In model A, the clutch pressure was assumed to in= 
crease linearly until the clutch pedal was fully out. 
Table l4. Summary of the various mathematical models used for predicting the 
prototype behavior 
Test 
Model 
no. 
Model description 
8 2 2 
in-lb-sec in-lb-sec' 
Max, 
traction 
coeffo. Remarks 
Clutch 
Drawbar 
A , 43920 1085 0.706 Engine T vs. cx) curve 
B1 43920 1085 0.706 Empirical T vs. t curve 
B2 Error in component 66 
B3 t=> M M  — — Error in component 66 
B4 43920 2000 0.706 Smoothed T vs. t curve 
B5 43920 10000 0.706 Smoothed T vso t, T z 1.05 
B6 M  M M  C M  W  Exceeded range of EFG IOO7 
B? 43920 2000 0.906 Smoothed T vs. t, T x 1,07 
CI 43920 1085 W  M  Empirical T vs. t curve 
C2 43920 1500 Incomplete solution. At too large 
C3 35000 1500 — — Empirical T vs. t curve 
c4 25000 1500 — — Empirical T vs. t curve 
C5 43920 1500 — — — Smoothed T vs. t curve 
c6 40000 1500 Smoothed T vs. t, T x 1.1 
c? 43920 1500 M  H  a —  Smoothed T vs. t, T x I.06 
C8 43920 1500 H  H  M  Empirical T vs. t, T x 1.1 
09 43920 1500 Smoothed T vs. t, T x I.07 
CIO 43920 2000 — — Smoothed T vs. t, T x I.07 
Cll 43920 1235 — — — Smoothed T vs. t, T x 1.07 
B1 43920 2000 0.906 Empirical smoothed T vs. t curve 
CI 43920 2000 mm «M — Empirical smoothed T vs. t curve 
C2 43920 1235 Empirical smoothed T vs. t curve 
H 
vo 
-p-
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Prom Figure 84, it was determined, that the operator required 
0,15 seconds to fully engage the clutch. Thus according to 
Equation 152, the torque capacity of the clutch increased 
from zero to 5600 lb-inches in 0„15 seconds. Ifhen this in­
formation was put into the model 5 output was obtained until 
the relays in Figure 25 were activated. At that point, the 
predicted engine speed 10 began to oscillate in increasing 
amplitude until the range of EFG 1013 was exceeded and the 
computer terminated the problem. Attempts were made to 
overcome this difficulty. The maximum torque capacity of 
the clutch was reduced from 5600 to 3504 lb-inches. The 
latter value was the amplitude of the first torque peak on 
channel 2 of Figure 84. Also, the size of the independent 
variable increment, was varied. These measures absorbed a 
considerable portion of the funds available for the digital 
computer, but did not correct the difficulty. Consequently, 
no further work was done with model A. Table 16, Appendix 
C, is a list of the IBM cards which comprised model A. The 
computer output obtained from model A is listed in Table 
21; Appendix D. During the writing of this dissertation, 
it was discovered that the engine inertia was calculated 
incorrectly. The density of steel was?used in the calcula­
tions instead of the density of cast iron. Since cast iron 
is 92^ as dense as steelj the engine inertia should have 
P 2 been 1506 in-lb-sec instead of I7.O in-lb-sec . It seems 
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unlikely, howeverj that an 8^ change in engine inertia 
would.overcome the difficulties experienced with model A. 
The experimental torque-time data of Figure 89 were 
used in model Bl, As shown in Figure 85, the resulting 
6 vs. time curve was of the same shape as the experimental 
curve, but was much smaller in size. Model CI, in which 
the experimental 'Vs. time data of Figure 87 was used, 
was tried next. The curves of 0 vs. time (Figure 85) for 
models Bl and CI were nearly coincident. Thus an incor­
rect traction-slip characteristic wa.s not responsible for 
the underpredlctlon of the angle of tip. The computer 
output data for models Bl and CI are listed in Tables 22 
and 23s respectively, in Appendix D. 
In the next attempts to improve prediction, variations 
of model C were used, since it was a faster running pro­
gram than model B. Model C required the use of vs. 
time data measured during an experimental test on the 
prototype. Unfortunately, a math error was made in cal­
culating the sensitivity of the rear wheel tachometer. 
As a result, ordlnates of approximately 0.5 times the 
correct magnitude were programmed into models CI through 
CIO for the clutch tests and model CI for the drawbar test. 
Fortunatelyg this error had only limited effect on the 
angle of tip of the chassis since, for the maximum measured 
tip of 20°, the chassis center of gravity did not rise 
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Figure 89» Torque vs. time curves for a clutch engagement test 
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much âbove the rear axle centerllne» When the error was 
discovered, model Cll for the clutch test and C2 for the 
drawbar test were run using the correct vs. time data» 
The magnitude of was varied in an attempt to im­
prove the accuracy of the predicted 0 vs. time curve. It 
was found that the maximum predicted tip angle was in­
creased by decreasing Ig. The time at which the peak tip 
angle occurred did not change with Ig. Consequently, de­
creasing the magnitude of did not significantly improve 
the accuracy of the predicted 0 vs. time curve. 
None of the models contained any provision for pre­
dicting the oscillations in the torque-time curve of 
Figure 89» It is possible that the tractor inertia and 
the torsional springiness of the rear tires comprised a 
torsional vibration system, which caused the oscillations 
in the torque trace. In the next attempts to improve the 
accuracy of prediction, smoothed torque-time curves were 
used in model C Instead of the actual torque-time curve» 
Component 113 (Figure 26) was used to vary the height of 
the smoothed curve. The smoothed curve shown on Figure 89 
was ultimately selected and was used in model Cll. As 
shown in Figure 85s the 0 vs. time curve predicted by 
model Cll was very similar to the one measured experimen­
tally. The maximum tip angle and the time of front wheel 
Jjouchdown were both predicted with less than 5% error. 
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As shown in Figures 86 and 88, model Cll also did well in 
predicting the curves of 9 vs. time and Zg vs. time. The 
IBM cards comprising model Cll are listed in Table 17s 
Appendix C, The computer output data resulting from model 
Cll are listed in Table 2^s Appendix D. 
In model C8, the measured torque-time curve of Figures 
89 was used, but all torque ordinates were increased 10^. 
The resulting 0 vs. time prediction was better than the 
prediction from model CI. However, the maximum predicted 
tip was of much smaller magnitude and occurred at an 
earlier time than was measured experimentally. Thus, the 
poor prediction of model CI was not due to any slight in­
accuracy of the rear axle torquemeter. 
The results from the computer indicated inaccuracies 
in the value of I^ and in the traction-slip data programmed 
into the initial models. It appeared that, increased trac­
tion and a higher value of I^ would result in better pre­
diction. Specifically, model B1 overpredicted the rear 
wheel speed (Figure 87), but appeared to underpredict the 
forward travel of the tractor. Variations of model C were 
used in an attempt to obtain a better estimate of 12° The 
result is shown in Figure 90° The one experimental point 
on Figure 90 was found by visually observing the distance 
the tractor traveled before the front wheels touched down. 
The observation was made with the aid of chalk marks on 
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the concrete, "but in a test subsequent to the one from 
which the data of Figure 84 were obtained. Because of the 
excellent repeatability of the tests (Figure 83)5 the ex­
perimental data point on Figure 90 is probably correct 
within a few inches. In Figure 90, the curve for model 
Cll slightly overpredicted the forward travel of the 
tractor. The rear wheel inertia used in this model was 
2 Ig = 1235 in-lb-sec . This increase from the measured 
2 Value of Ig = 1085 in-lb-sec was probably due to the 
inertia of the drive train members attached to the rear 
wheel. The increase amounted to 25% of the inertia of a 
stripped rear wheel (Table 12). Thus, the power train parts 
attached to the rear wheel comprised a significant part of 
the rear wheel inertia, 
2 A rear wheel inertia of = 2000 Ib-in-sec was used 
in model B?. Also, the traction slip curve of Figure 70 
was modified for model By. The new curve was piecewise 
linear, with a break at l6.3^ travel reduction. To the 
right qf this point, the traction coefficient was constant 
at 0.906. To the left of the break, the traction coeffi­
cient decreased linearly to zero. If the curve of Figure 
70 were replaced with straight line approximations, the 
approximate curve would break at TR^ = l6.3^= Also, a 
traction coefficient of O.986 has been achieved from a 
wheel tractor at the Nebraska Tractor Testing 
202 
Stationne 
As shown in Figures 87 and $0, model B7 over estimated 
the wheel speed and underestimated the forward travel. 
This indicates that the value of was used too large 
and the traction ordlnates used were not great enough. 
It is difficult to conceive of a traction coefficient 
greater than 0=906 for wheel tractors. However, Figure 9I 
reveals that better traction could have been introduced 
into the model without increasing the value of the maximum 
traction coefficient. The maximum travel reduction pre­
dicted by the computer was about Thus, only the 
segment of the traction=slip curve to the left of the break 
was used. The slope of this portion could have been in­
creased by moving the break point leftward to a lower value 
of travel reduction. Although the exact shape of the 
traction-slip curve for the test strip is not known, the 
computer results revealed that the traction on the test 
strip was significantly better than the data of Figure 70 
indicate. 
The curves in Figure 92 were prepared to determine how 
nearly the tractor tipping action approached fixed axis 
rotation about the rear axle. If the tipping were almost 
^Steinbruegge, G. W. Agr. Eng. Dept. University of 
Nebraska^ Lincoln, Nebr.' Discussion on traction coeffi­
cients. Private communication. 1958» 
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fixed axis rotation, the peak in the curve would occur very 
near to the axis. However, the shape of the curves in 
Figure 92 indicate that the actual tipping did not remotely 
resemble fixed axis rotation. The data for the curves in 
Figure 92 were obtained from the computer. Only the origin 
and the encircled point on Figure 92 were known from the 
experimental tests. 
Model B7 predicted the maximum tip angle with less 
than 12^ error and the time of front wheel touchdown with 
less than error. This model also predicted the 9 vs, 
time and the Zp vs, time curves fairly well. Model B?, 
however, substantially overpredicted the rear wheel speed. 
The list of IBM cards comprising model B7 is given in 
Table 18, Appendix G. The computer output data for model 
B7 are tabulated in Table 25, Appendix D. 
It is interesting to note the conditions under which 
the good prediction accuracy of models B? and Cll was ob­
tained, The static force-deflection curves for all tires 
were used, even though the dynamic curves were known to 
be different. The static curves used were not obtained 
from tests on the- prototype. Bather, they were obtained 
from tests made by the manufacturer on similar tires. 
Finally, the viscous damping coefficients were not deter­
mined from tests on the prototype tireso Instead, they 
.we.re. estimated for the results of tests made at Purdue 
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University on similar tires. The conclusion from these 
facts is that the force=deflection relationships and the 
viscous damping coefficients of the tires did not greatly 
affect the prototype behavior during tipping tests. At 
least some improvement in accuracy should result^ however, 
when the data mentioned above are taken directly from the 
prototype tractors 
Drawbar Tests 
In contrast to the clutch engagement tests, the draw­
bar loading tests were not repeatable. The behavior of the 
\ 
tractor during a test depended to a great extent on how the 
tractor operator handled the clutch. Figure 93 illustrates 
tests results from a run in which the tractor was operated 
in 1st gear. Data from this run were replotted on Figures 
Sk through 97= The procedures used for plotting Figures 96 
and 97 were the same as those used for plotting Figures 
87 and 88. 
As shown in Figure 9^s several checks were available 
on the accuracy of the experimentally measured tip curve. 
The time at front wheel touchdown was determined from 
channel 8 of Figure 93, and is shown by the circle at 
t = 4.0 sec, on Figure 94. The integrated accelerometer 
signal predicted the time of touchdown perfectly. The same 
signal gave a smaller maximum tip than was indicated by the 
Figure 93» Results obtained from a first gear drawbar loading test 
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mechanical tip indicator. The maximum tip measured by the 
tip indicator was 15°s or 0.262 radians, as indicated by 
the horizontal dashed line on Figure 94. 
Model A was not used for predicting the results of 
the drawbar tests. Models B1 and C2 were used. The smoothed 
torque-time curve of Figure $8, and the smooth pull-time 
curve of Figure 99 were programmed into both of these 
modelso In model Bl, the value used for rear wheel inertia 
was Ig = 2000 in-lb-sec^o In model 02, I^ = 1235 in-lb-
sec^ was used. Figures 9^ through 97 reveal that both 
models predicted the tractor behavior well for 0<t<l second. 
For t>l seconds the prediction was poor except at t = 4 
seconds. Tha curves from models B1 and C2 were nearly 
coincident. Thus, the error in prediction was not due to 
use of incorrect traction-slip data. The cause for the 
error in prediction was not determined. 
For the drawbar tests, the IBM cards which comprised 
model B1 are listed in Table 19? Appendix C. The computer 
output data from model B1 are tabulated in Table 26, Appen­
dix D. The IBM cards which comprised model C2 are listed 
in Table 20, Appendix C, The computer output data from 
model 02 are tabulated in Table 27s Appendix D. 
Computation Time 
The digital computer was slower in solving the models 
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than was originally anticipated» The speed of computation 
varied principally with the number of components needed to 
program the model, the range in t and the increment size 
in the independent variable» Table 15 lists the computa­
tion times for solving the various models which were used 
Table 15» Computation time for solving the models 
Problem Computation 
Model range No. of time 
Test name no. seconds components minutes 
Clutch engagement B1 1.23 91 160 0 
CI 1.22 83 12.5 
Cll 1.76 83 11.0 
B7 1,70 91 12.0 
Drawbar loading B1 4.0 104 45.0 
C2 4.0 83 20.0 
for prediction. Model A (111 components) was not included 
in Table 15 since it ran only for 0<t<0o3 secondso 
Within the clutch engagement tests in Table 15, a com­
parison of model B1 with B7 is revealing. These two models 
had equal numbers of components. Model B7 had the greater 
range but a shorter computation time. The shorter computa­
tion time for model B7 was accomplished through the use 
of larger Increments in the independent variable. The 
increment size in the independent variable size had to be 
chosen carefully, however, because of the sensitive nature 
of the components shown in Figure 22» Specifically, a 
219 
small increment size had to "be used until increased 
substantially from zero. Otherwise, the magnitude of TRg 
would oscillate in increasing amplitude until the range of 
EFG 1007 was exceeded, at which point the solution would 
terminateo The maximum increment size that could be used 
in the early stages of the problem was dt = Oo000025 sec. 
As the magnitude of increased, dt could also be increased 
by the introduction of new IVG's. As knowledge about a 
problem increased; a more efficient set of IVG's could be 
selected at the beginning of each problem run. Thus it 
was possible to reduce the computation time substantially 
from model B1 to By. 
Models CI, Cll and C2 (Table 15) did not include the 
sensitive section of Figure 22= Consequently, in these 
models the independent variable increment size could be 
increased fairly rapidly and the computation time reduced. 
For example, in the drawbar loading testsj Model C2 had 
80^ as many components as model B1 but less than half the 
computation time. 
The solution of model B1 for the drawbar loading tests 
was particularly slow because of the slow increase in Gry. 
From Figure 96, approximately 2 seconds were required for 
the wheel speed to reach 1 rad/sec. In contrast, from the 
clutch test of Figure 87s the wheel speed reached 1 rad/sec 
in about 0.2 seconds. The computation time for the clutch 
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tests was substantially shorter, as shown in Table 15o 
It was found that the computation time increased 
approximately linearly with the number of components; 
Also 5 the computation time increased approximately linearly 
with the range of to The computation time approximately 
doubled for each halving of the independent variable in­
crement size* 
Moment of Inertia 
The day before the final oral examination, the author 
discovered an error in the calculations in Appendix B. The 
wheel ballast and the chassis ballast both shifted the 
location of the chassis center of gravity. Each new calcu­
lation of the chassis mass moment of inertia should there­
fore have included a transfer term equal to the product of 
the tractor mass and the squared distance between the old and 
new centers of gravity. These transfer terms were inadver­
tently omitted. 
The effect of the rear wheel ballast on I^ was calcu­
lated on page 240 of this dissertation. In this calcula­
tion.; the omitted term was; 
r. 7960 (25.4-18.3)2 + (1.80-1.30)2 1045 in-lb-sec^ 
This value should have been added to the result obtained on 
page 240 to yield the following value of 1^ for the tractor 
220b 
with rear wheel ballast; 
Ig = 31,180 + 1045 = 32,225 in-lb-sec^ 
The effect of chassis ballast on Ig was calculated on 
page 242 of this dissertation. In this calculation, the 
omitted term was: 
11040 
"3H^ A 
(18.3-11.15)2 4 (1.30-1.60)2 = l460 in-lb-sec^ 
The value of Ig with all ballast included should therefore 
have been: 
Ig = 43,920 + 1045 + 1460 = 46.425 in-lb-sec^ 
The omission of the transfer terms thus caused approximately 
a reduction in the value of Ig. 
The higher value of Ig was programmed,into the computer 
in order to obtain new predictions for the prototype behavior 
during the clutch engagement tests. The increase in Ig 
caused a noticeable reduction in the predicted values of 6 
aixd but insignificant changes in the other output vari­
ables, The new curves of 0 vs. time are shown on Figure 85. 
Model CI2 (with Ig = 46,425 in-lb-sec^ ) predicted the proto­
type behavior within 10^, whereas model Cll (with Ig = 43,920 
in-lb-sec^) predicted the prototype behavior within 5^° 
Similarly, model B8 predicted the prototype behavior within 
16^5 whereas model B7 predicted the prototype behavior 
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within 12^. Thus, the use of the corrected value of 
resulted in a decrease in the accuracy of prediction. 
In this dissertation, a new method was developed to 
measure the mass moment of inertia of the tractor chassis» 
The new method was not checked for accuracy against any 
other method, such as the physical pendulum method. It 
is therefore possible that the new method gave too large 
a value for I^, If this were true, the predicted results 
from models B7 and Cll could be more correct than the 
results from models B8 and C12, and the better prediction 
of the former two models would be explained. An important 
objective of future research should be determination of 
the accuracy of the new method for measuring the mass moment 
of inertia of a tractor chassis. 
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SUMMARY AND CONCLUSIONS 
Engineers have expended much energy in the last 40 
years investigating the mechanics of the ^onsprung wheel 
tractor. These investigators generally followed either 
the quantitative or the qualitative approach. The equa­
tions resulting from the quantitative approach were alge­
braic. As suchs they were easy to solve, but of limited 
usefulness in predicting the tipping behavior of a tractor. 
The investigators following the qualitative approach con­
ducted tipping experiments on tractors, but did not develop 
mathematical models to predict such behavior. 
A literature survey did not reveal a mathematical 
model Capable of predicting the tipping behavior of a 
tractor. Such a model would necessarily involve a set 
of nonlinear differential equations. The model would be 
of little benefit unless a method could be found to solve 
the equations therein. 
In this research, a mathematical model was established 
to predict the dynamic behavior of an unsprung wheel trac­
tor when motion was confined to a plane normal to the 
supporting surface. The model was based on geometric re­
quirements, on Newton's laws, and on empirical information 
about several components in the tractor. Certain simplify­
ing assumptions were made prior to derivation of the model. 
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DIAN, a hybrid computation systemj was selected for 
solving the equations in the model. DIAN is a programming 
system by means of which a digital computer may be pro­
grammed using analog computer programming techniques. 
A John Deere 3010 tractor was selected as the proto­
type o Measurements were made on the prototype to obtain 
values for the parameters in the model. The engine charac­
teristics, clutch characteristics 5 and supporting surface 
tractive characteristics were among the data used in the 
modelo 
The prototype tractor was instrumented in order that 
the accuracy of the model could be checked by experimental 
tests. The model was only checked for accuracy in predict­
ing the backward tipping behavior of the prototype on a 
level concrete surface. Backward tipping was induced by 
two methods. The first featured rapid clutch engagement 
without drawbar load. The second method featured slower 
clutch engagement under a heavy drawbar load. 
Three versions of the mathematical model were used in 
predicting the prototype behavior. Model A was the com­
plete model. Model B was the same as model A except that 
the engine simulator was deleted and empirical torque vs, 
time data were used. Model C was the same as model B 
except that the traction-slip data were replaced by 
empirical wheel speed vs. time data. 
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In this research, difficulties with model A caused it 
to be abandoned. For the clutch tests, model B predicted 
the angle of tip of the tractor within 12^ and model C 
within 5^" In the drawbar tests, both models predicted 
accurately only for the initial l/4th of the run» 
The following conclusions were drawn as a result of 
this research endeavors 
1« For the clutch engagement tests^ mathematical 
model C predicted the backward tipping behavior of the 
prototype within 
2. For the clutch engagement tests, mathematical 
model B predicted the backward tipping behavior of the 
prototype within 12^. 
3» Mathematical model A as presently comprised could 
not be solved on the digital computer. 
For the drawbar loading tests, none of the mathe­
matical models predicted the prototype backward tipping 
behavior satisfactorily. 
5o Sudden release of a large drawbar load did not 
cause the prototype to tip as anticipated, 
6o Oscillatory motion of the prototype chassis 
occurred during clutch engagement tests, but was not pre-
dieted by any of the models. 
?« The DIAN computation system provided a suitable 
but relatively slow method of solving the equations in the 
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mathematical model, 
80 A new method was developed for determining the 
centroidal mass moment of inertia of the prototype and 
the height of the center of gravity. 
9o The power train parts attached to the rear wheel 
comprised a significant part of the rear wheel inertia. 
10o The traction on the concrete test strip was sig­
nificantly better than the traction on the concrete the 
National Tillage Machinery Laboratory used.for testing 
tires. 
11o The force-deflection relationships and the vis­
cous damping coefficients for the tires had only a small 
effect on the tipping behavior of the prototype. 
12. The tipping behavior of the tractor was quite 
different from fixed axis rotation (about the rear axle) 
in all of the tests conducted. 
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LIMITATIONS OF THIS STUDY AND 
SUGGESTIONS FOR FUTURE RESEARCH 
In this study, verification tests on the prototype 
were made only on a level concrete strip. Thus, the 
effects of ground slope, surface roughness and surface 
firmness were not tested, although the mathematical model 
was designed to treat these conditions* The model was 
restricted to tractors with 2-wheel drive. 
Only drawbar loads were considered in the mathemati­
cal model o No attempt was made to treat the other kinds 
of external loads that can be applied to a tractor, such 
as those imposed by mounted equipment. The accuracy of 
the model was not checked for the case of drawbar loads 
connected through a short hitch, such as a trailed plow 
hitch. 
The effect of liquid wheel ballast was not considered 
in the modelo Only the effect of solid wheel ballast was 
considered. 
The mathematical model was restricted to prediction 
of motion within a plane. Thus, the model was incapable 
of treating the important problems of lateral tipping 
and vibration about the roll axis (axis parallel to the 
direction of travel). 
The following problems might well be the subject of 
226 
future researchî 
1. An engine simulator is an important part of a 
mathematical model for predicting the dynamic behavior 
of a tractor. Further study should be devoted to the 
problem of developing an accurate, operable engine simula­
tor. 
2c More study is needed to improve the accuracy 
of the model in predicting the tractor motion under in­
creasing drawbar load. 
3o The mathematical model could be extended to treat 
the effects of other equipment, such as mounted equipment 
on the tractor. 
The model should be tested for accuracy in pre­
dicting the behavior of a tractor operating on a slope 
in the direction of travel. 
5o The oscillations in the rear axle torque during a 
clutch engagement test could be further investigated. The 
model could be extended feprediet these oscillations, 
6o The accuracy of the. model should be tested in 
predicting the motion of a tractor traveling over a rough 
surface. 
7„ A procedure should be devised for determining the 
traction-slip characteristics of the concrete test strip. 
The test strip appeared to provide better traction than 
the concrete strip on which the data of Figure 70 were 
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obtained* 
80 The model should be checked for accuracy in pre­
dicting the motion of a tractor on surfaces other than 
concrete. These surfaces could include yielding soil and 
other surfaces with different traction-slip characteristics 
than concrete, 
9o The model should be extended to treat the effect 
of liquid ballast in the tires, 
10. The model should be extended to provide predic­
tion of vibration about a roll axis and to describe the 
behavior of the tractor during lateral tipping. 
11. In the ^-dimensional model, the effects of vari­
able lateral ground slope could be tested for effect on 
the tractor behavior, 
12. In the 3-dimensional model, the effects of turn­
ing radius and speed could be tested for effect on the 
tractor behavior. 
13. The effect of a differential lock on the motion 
of a tractor could be studied, 
14. The dynamic behavior of tractors with 4-wheel 
drive could be studied. 
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APPENDIX Aï DEVELOPMENT OP A THEORY FOR FINDING THE 
MASS MOMENT OP INERTIA AND THE HEIGHT 
OF THE CENTER OF GRAVITY OF THE CHASSIS 
The dashed rectangle in Figure lOOa represents a free 
"body diagram of the tractor chassis in a displaced position* 
The diagram contains the Implicit assumptions that e and 
are measured from the equilibrium position, and that 0 is 
always very small. A reversed effective force and a rever­
sed effective torque have been applied to place the chassis 
in dynamic equilibrium. When vertical forces were summed9 
the result was s 
When moments were summed about the center of gravity, the 
resulting equation was: 
These equations were rearranged into the following forms 
0 = 0 
- h ~ ^^2"^11^ ® ^12°^11 ° 
L L i 
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Figure 100. Block diagrams representing the tractor 
chassis 
^et '0 + 
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kf. e 
(X12-X11) - x^i] = 0 
The following definitions were useful in simplifying the 
equations of motions 
Bi = + kj 
®2 = 4 '^2-^1 ' -
83 = 4 + k, 
When the above definitions were used, the equations of 
motion simplified to s 
^1 " 
g .^1 + - Bg 8 - 0 
Igt 6 + 8 - Bg = 0 
When this pair of equations was solved by standard methods 
(199 po 152)3 the following fourth order frequency equation 
resulted: 
-T"n>'®3 -'et -^2 = 0 
In the usual problem of vibration analysis 5 the frequency 
.equation is solved for the natural frequency In this 
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problem, however, the mass moment of inertia was to be 
determined; so the equation was solved for as follows; 
^0t -
1 
Q. 
n 
B: 
B, W. 
Bn 
The system can be uncoupled when; 
f \2-^l 
For this special case B^ = 0 and the equation for is 
reduced to; 
•0t 
^n8 
^f ^12 ^^12"^1^ 
. 2  
n. ne 
Either of the above equations can be used to determine 
Ig^ if the natural frequency in pitch is known» Figure 65 
is a schematic diagram of a system suitable for measuring 
the pitch natural frequency» Strain gages on the front 
and rear springs furnish signals representing the front 
end motion and the rear end motion. Unfortunately, the 
resulting traces in general represent mixed mode vibra­
tions o Hence a means was required for separating out a 
..pitch frequency from the two signals. A suitable means 
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is illustrated in Figure 65. The input voltages to the 
differential amplifier are given by: 
Gr = KfZz = Kf [=1 + \l 0] 
The mixed mode vibration of the tractor can be written as 
a combination of the following two modes s 
9 = ®e "1" "net 
h = '"nz* + Ph) 
Thus the input voltages to the differential amplifier can 
be written as; 
®f ~ Kf^z sin + ph) - ^f^g 
®r = Sim + ph) + Kj,Bj sin 
The difference voltage, e^ = e^ - e^, is given byg 
Gd = (%r-Kf) Bg sin (a^gt + ph) 
^^11 ^9^ 
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If Kp = K^ï the difference voltage reduces to: 
®d ~ ^r ^f ®2 ^ne^ 
Thus 5 if the difference voltage includes only the 
pitch frequency. In practice, is made equal to by 
applying equal deflection to the front and rear springs 
and adjusting either or until e^ = 0. 
The above method is suitable for finding the mass 
moment of inertia of the tractor with respect to an axis 
through the center of gravity. If the tractor is forced 
to oscillate about some fixed axis, a similar procedure 
can be used to find the moment of inertia about the axis 
of rotation. The transfer theorem can then be used to 
find the distance of the center of gravity from the axis 
of rotation. 
The dashed rectangle in Figure 110b represents a 
tractor oscillating about an axis through the point o. In 
practice, point o is a distance below the rear axle 
centerline, as shown in Figure 65o When moments are summed 
about point o, the resulting equation is: 
^eo 9 + kf %12 8 = 0 
Ig^ represents the mass moment of inertia of the tractor 
about an axis through point o. The solution to the above 
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equation is well known» The squared natural frequency is 
given, by; 
2 _ kf %12 
Thus the mass moment of inertia about an axis through point 
o is given", by: 
if X?-. 
T J» 
- o: 
As shown in Figure 65s the squared distance between the 
center of gravity and point o is: 
+ (Zll + 
The transfer theorem requires that: 
W. 
^eo ^^t* g 
1 
%il + (Zii + 
The above equation can be solved for with the follow-
ing result; 
^11 ~ 
y2 
¥. ~ ^11 
1 
2 
'14 
In the above equation, is a fixed length on the 
tractor, and can be determined from the wheel base 
of the tractor and from front and rear end weights of the 
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tractor. I and I . can be determined by the vibration 
00 00 
techniques described above. The constant g is the accel­
eration of gravity. Thus, can be determined using 
the theory outlined above. 
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APPENDIX B: CALCULATIONS ON THE EFFECT OF 
BALLAST ON THE CENTER OF GRAVITY 
LOCATION AND ON THE MASS MOMENTS 
OF INERTIA OF THE TRACTOR 
The Stripped Tractor 
The data for the stripped tractor were previously 
determined; and are suuxaarized below: 
= 7960 lbs 
= 25inches 
Zii = le80 inches 
Ig = 28,500 in-lb-sec^ 
Ig = 601 in-lb-sec^ 
Wheel wt inertia = 44 in-lb-sec each 
Wheel wts = l40 lbs each 
The Tractor with Wheel Ballast Only 
The wheel ballast consisted of 11 cast iron weights 
on each wheel, or a total of 22 weights. Since each weight 
weighed l40 pounds, the chassis weight for the tractor with 
wheel weights was; 
= 7960 + 22(140) = 11040 lbs 
The addition of the wheel weights did not change the moment 
of the chassis weight about the rear axle centerline,, 
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Therefore, new values of and were calculated as 
follows! 
%1 " (25.4) = 18.3 inches 
Zii = (1.80) = 1.30 inches 
Because of the simplifying assumptions made on page 13s the 
inertia of the wheel ballast augments the rear wheel in­
ertia but the mass of the wheel ballast augments the chassis 
inertia by virtue of the transfer theoremo Therefore? 
Ip = 601 + 11 (44) = 1085 in-lb-sec^ 
Ig = 28,498 + (18.3)^ + (1.30)2 
= 31,180 in-lb-sec^ 
The Tractor with Wheel Ballast and Chassis Ballast 
The chassis ballast consisted of 1270 pounds of steel 
planks mounted on the I-beams behind the rear wheels, as 
shown in Figure 62. Prom Table 9s the chassis weight 
with all ballast attached was 12,310 poundso The value 
of was determined from the data in Table 7 aj^d from 
the tractor wheelbaseo The result was s 
24l 
^11 " (93.13) = 11-15 inches 
A new value for was determined. For this purpose, 
gravity was imagined to act horizontally, Alternatively, 
the tractor was visualized as "being oriented with its 
crankshaft vertical. The moment of total tractor weight 
about the rear axle centerline was then necessarily equal 
to the combined moments of the chassis and the "ballast 
about the same axis. Stated mathematicallys 
12310 = 11040 (1.30) + 1270 (4.2) 
so that: 
= 110W(1.?0)^+^1270(4.2, ^ inches 
The factor, 4,2, was the height of the chassis "ballast 
above the rear axle centerline, as shown in Figure 62. 
The addition of the chassis ballast did not affect 
the rear wheel inertia. Therefore; 
Ig = 1085 + 0 = 1085 in-lb-sec^ 
The mass moment of inertia of the chassis ballast about 
its centroidal axis was added to the chassis inertia, 
Meriam (17, p, 665) gives a formula for the centroidal 
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mass moment of inertia of a rectangular parallelipipedj 
as follows; 
- I 4? 06 in-lb-sec' 
Because of the transfer theorem, the chassis ballast aug­
mented the chassis inertia by an additional amount. The 
total chassis inertia with all ballast included was s there-
fores 
Ig = 31,183 + 47.6 + (3^) (4.20-1.60)2 + (50.9+11.15)^ 
or 
Ig = 31,183 + 47.6 + 12,690 = 43,920 in-lb-sec' 
The results of all the above calculations are summarized 
in Table 12. 
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APPENDIX C: LISTS OF IBM CABDS COMPRISING THE 
VARIOUS MODELS 
Table 16» List of IBM cards comprising model A for predicting the prototype 
behavior during a clutch engagement test 
P=0,CLUTCH 0.15 SEC, 0UTPUT(TIPV,TIP;Z4;Z2,X2,TR,WD,W;VELW) 
34 38 20 10 3 1 0 5 4 9 
1 OoOOOOOOOE+OO 
1 OoOOOOOOOE+OO 
20 1 OoOOOOOOOE+00 
21 1 OoOOOOOOOE+OO 
22 1 loOOOOOOOE+00 
23 1 OoOOOOOOOE+OO 
29 1 O.OOOOOOOE+OO 
30 1 OoOOOOOOOE+OO 
31 1 l.OOOOOOOE+00 
32 1 OoOOOOOOOE+OO 
33 -1 OoOOOOOOOE+OO 
34 1 l.OOOOOOOE+OO 
35 1 OoOOOOOOOE+OO 
36 1 l.OOOOOOOE+OO 
300 1 OoOOOOOOOE+OO 
47 1 7.3000000E+02 
301 1 OoOOOOOOOE+OO 
54 1 5.4250000E+03 
56 "1 001420500E+00 
57 1 0.9898600E+00 
58 1 OoOOOOOOOE+OO 
60 1 OoOOOOOOOE+OO 
62 1 001420500E+00 
302 1 OoOOOOOOOE+OO 
303 1 OoOOOOOOOE+OO 
900 1 OoOlOOOOOE-00 
69 1 0.9990000E+00 
70 -1 0o9990000E+00 
304 1 0o1144400E+00 
73 1 2.7010000E+01 
79 1 OoOOOOOOOE+OO 
95 1 OoOOOOOOOE+OO 
0 -12 0 0 
0 -13 0 0 
0 -19 0 0 
0 -20 0 0 
19 -33 0 0 
19 -34 0 0 
0 —28 0 0 
0 -29 0 0 
28 
-33 0 0 
28 -34 0 0 
13 -34 0 0 
13 -33 0 0 
0 -34 0 0 
0 
-33 0 0 
0 —44 0 0 
0--1002 0 0 
0 -51 0 0 
0--1004 0 0 
13 0 0 
13 -56 0 0 
12 -12 G 0 
0-1005 0 0 
12 
-57 0 0 
0 -64 0 0 
0 -302 0 0 
0 -903 0 0 
68 -70 0 0 
69 -70 0 0 
0 -72 0 0 
0-.1008 0 0 
0-•1013 0 0 
0-•1014 0 • 0 
Table 1.6» (Continued) 
305 1 2.7048000E+02 0 
306 1 0.2704800E+03 0 
. 1 2 4.238OOOOE-O3 48 
2 2 4.5536OOOE-O5 98 
3 «2 3ol25l000E+00 39 
4 2 0o4484300E+00 42 
5 2 8.0961000E-03 22 
6 -2 101617000E-03 23 
7 2 101617000E-03 31 
8 2 800961000E-03 32 
15 2 0.3860000E+03 0 
17 -2 6.2713000E-02 48 
18 "2 6.2713000E-02 55 
24 . -2 OoOOOOOOOE+00 0 
26 -2 2.3204000E-03 48 
27 2 6.2713OOOE-O2 73 
37 -2 O.OOOOOOOE+00 35 
38 2 loOOOOOOOE+00 36 
4o 2 loOOOOOOOE+00 35 
4l 2 O.OOOOOOOE+00 36 
—2 8.I98OOOOE+OI 13 
46 2 .8.3OOOOOOE+OO 201 
49 2 1.1150000E+01 34 
50 2 '1.6000000E+00 33 
53 2 2o7500000E+01 200 
59 2 2.0000000E+00 58 
61 2 I.I26OOOOE+OI 60 
63 2 I.I260OOOE+OI 62 
65 2 O.92166OOE-O3 98 
66 —2 O.25696ÔOE-OI 73 
904 2 0O5000000E+00 202 
68 2 loOOOOOOOE+02 903 
71 2 100000000E+02 70 
72 —2 000345400E+02 1006 
80 -2 loOOOOOOOE+00 97 
0 
0 
tvj 
Table 1.60 (Continued) 
83 -2 O.7O8OOOOE+O2 81 
84 2 O0O58823OE+OO 82 
85 -2 loOOOOOOOE+00 83 
91 -2 I.7OOOOOOE+OI 90 
98 2 0o3328000E+02 97 
10 3 =1 c«i2 -3 «4 
11 3 «6 «7 -8 0 
12 3 "10 -11 "5 0 
19 3 =15 -17 «18 0 
28 3 «24 -26 -27 0 
39 3 -37 -38 0 0 
42 3 «40 «=41 0 0 
44 3 '='20 -43 0 0 
48 3 -46 -47 0 0 
51 3 -49 -50 -20 0 
55 3 ca.53 -54 0 0 
64 3 =61 -63 -28 0 
67 3 •"•65 =66 0 0 
903 3 -904 —902 — 203 0 
81 3 «=•22 -903 0 0 
82 3 -79 -80 0 0 
86 3 -83 -84 0 0 
90 3 CS.88 -89 0 0 
92 3 -79 -91 0 0 
97 3 -94 -96 0 0 
201 4 0.6650000E+00 O.OOOOOOOE+00 
200 4 3.1300000E+00 OoOOOOOOOE+00 
202 4 OoOloooooE+00 -l.OOOOOOOE+40 
203 4 OoOioooooE+00 OoOllOOOOE+00 
87 4 2.7048000E+02 -OoOOOlOOOE+00 
88 4 2.7048000E+02 -l„0000000E+40 
89 4 2.7048000E+02 O.OOOOOOOE+00 
93 4 2o7048000E+02 O.OOOOOOOE+00 
94 4 2o7048000E+02 -loOOOOOOOE+40 
l.OOOOOOOE+^0 
l.OOOOOOOE+40 
OoOllOOOOE+00 
l.OOOOOOOE+40 
l.OOOOOOOE+40 
OoOOOOOOOE+00 
l.OOOOOOOE+40 
l.OOOOOOOE+40 
OoOOOOOOOE+00 
44 -44 
51 -51 
67 -900 
67 -900 
86 -87 
85 -87 
84 -87 
0 -87 
92 -87 
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-fyO+aOOOIOII'O 
'i70+a00090Ci°0 
-f/o+aoooéwo 
'f70+a0009-f7-f7l°0 
-fzo+aooozZ-fzi'o 
lo+aooooo&z'o 
lo+aooooo&T'o 
oo+aoooooo&'o 
OO+SOOOOOÇT°O 
€6- 1 
Co+aooooooC°o 
C0+a0000082'0 
Co+aoo^^zZz'o 
Co+aooz&89Z'o 
Co+aooo9'f792 *0 
C0+a008909Z'0 
Co+aoo9&9&z°o 
Co+aoo%8z&2'o 
C0+a00Z68%2'0 
Co+aoooo&%2'o 
C0+a0080TtZ'0 
Ç'Qd'XZ'-fj'IIS' (X2 
0 0 
ijOC CoC 
oo+aooooooo'z 
oo+aooooooo'I 
00+300000ÇC'0 
OO+SOOOOOÇO'O 
-fjO+aOOO-lyO^C 
-fyO+aOOO-fjOÔ'C 
^'8A)Z'XZ'C'8A OHC) 
0 006 90C Çoc 
TOC OOC Ijl £l 
oo+aooooooo°i o 
oo+aooooo&C°o o 
00+300000^ 0°0 0 
oo+aooooooo°o o 
0 lo+aooooooz 
0 lo+aooooooT 
-fyO+aOOOIyO^C'O 00+30000002' 
oo+aooooooo'o oo+aooooooo' 
9 oo+aooooooo°0 8 tlOT 
oo+aooooooo"0 Co+aooooo6z°o 
' 0  
' 0  
0 
' 0  
oo+aooooooo°o 
oo+aooooooo*0 
-iyo+aooooeôo'o 
^^+30000690*0 
t0+a0008860°0 
-fyO+aOOOZOZI'O 
-fyO+aOOOCôCl'O 
-f/o+aooozC-f/i'o 
-f/o+aoooô^-f/i'o 
t^+aooo6Z^T'o 
Co+aooo^^Zz'o 
Co+aoo8^o&z°o 
C0+a009&99Z°0 
Co+aoot9#9z°o 
C0+300Z68CZ'0 
Co+aooo8%&z"o 
C0+a00880&Z°0 
£0+300969^^2 °0 
fZ'O 
.Z'O 
(panuTî^noo) '91 siqBi 
Table I?. List of IBM cards comprising model Cll for predicting the prototype 
behavior during a clutch engagement test 
RUN 4C6;M0DEL Cll,OUT(TIPV,TIP,,Z2;X2,TORQ,VELW,PULL) 
29 
20 
21 
22 
23 
29 
30 
31 
32 
34 
3  ^
300 
47 
301 
56 
57 
303 
900 
74 
75 
109 
76 
77 
78 
98 
1 
2 
3 
4 
31 13 2 3 0 0 5 3 
1 OoOOOOOOOE+OO 0 -12 0 0 
1 OoOOOOOOOE+00 0 -13 0 0 
1 OoOOOOOOOE+00 0 -19 0 0 
1 OoOOOOOOOE+OO 0 -20 0 0 
1 loOOOOOOOE+OO 19 -33 0 0 
1 OoOOOOOOOE+OO 19 -34 0 0 
1 O.OOOOOOOE+00 0 -28 0 0 
1 OoOOOOOOOE+OO 0 -29 0 0 
1 loOOOOOOOE+00 28 -33 0 0 
1 OoOOOOOOOE+OO 28 -34' 0 0 
=1 O.OOOOOOOE+00 13 -34 0 0 
1 lcOOOOOOOE+00 13 -33 0 0 
1 OoOOOOOOOE+OO 0 -34 0 0 
1 loOOOOOOOE+00 0 0 0 
1 OoOOOOOOOE+OO 0 -44 0 0 
1 7.3000000E+02 0--1002 0 0 
1 O.OOOOOOOE+OO 0 -51 0 0 
1 5c4250000E+03 0--1004 0 0 
—1 0.1420500E+00 13 -57 0 0 
1 0.9898600E+00 13 -56 0 0 
1 OoOOOOOOOE+OO 0 -64 0 0 
1 OoOOOOOOOE+OO 0--1007 0 0 
"=1 0o4067400E+00 13 -75 0 0 
1 0.9135500E+00 13 -74 0 0 
1 OoOOOOOOOE+OO 0--1009 0 0 
1 OoOOOOOOOE+OO 0--1010 0 0 
1 OoOOOOOOOE+OO 0--1011 0 0 
1 OoOOOOOOOE+OO 0--1012 0 0 
1 OoOOOOOOOE+OO 0 -113 0 0 
2 001861400E+03 48 
2 2.0000000E+00 98 
-2 0.I372565E+06 39 
2 O0I9696OOE+05 42 
8 
o 
Table 17o (Continued) 
5 2 0.3555868E+03 22 
6 0.5102907E+02 23 
7 2 0.5102907E+02 31 
8 2 0.3555868E+03 32 
9 =•2 0.3196000E+02 76 
12 2 0.2276815E-04 99 
15 2 0.3860000E+03 0 
16 2 3.1357000E-02 77 
17 =2 . 6.2713000E-02 48 
18 =2 6.2713000E-02 55 
24 ™2 OoOOOOOOOE+00 0 
25 -2 3oi357000E-02 78 
26 •"2 2.3204000E-03 48 
27 2 6.2713000E-02 73 
37 ™2 OoOOOOOOOE+00 35 
38 2 l.OOOOOOOE+00 36 
40 2 loOOOOOOOE+00 35 
41 2 OoOOOOOOOE+00 36 
43 —2 8.1980000E+01 13 
46 2 8.3000000E+00 201 
49 2 1.1150000E+01 34 
50 2 106000000E+00 33 
53 2 2.7500000E+01 200 
6l 2 101260000E+01 56 
65" —2 0.1235000E+04 1007 
73 2 0.0358680E+00 67 
.113 2 100700000E+00 1013 
10 3 —1 —2 —3 -4 
11 3 —6 —7 —8 -9 
99 3 "10 -11 -5 0 
19 3 "15 -16 -17 -18 
28 3 —24 —25 —26 -27 
39 3 -37 -38 0 0 
42 3 -40 -4l 0 0 
44 3 -20 -43 0 0 
ro 
Table 17o (Continued) 
48 
51 
55 
64 
6? 
201 
200 
1010 
1011 
1012 
1002 
«0 
0 
.5000000E+00 
cOOOOOOOE+00 
OolOOOOOOE+00 
0o2000000E+00 
0o3000000E+00 
0,4000000E+00 
Oo^OOOOOOE+00 
006000000e+00 
0.7000000e+00 
0.8000000E+00 
0.9000000e+00 
l.OOOOOOOE+00 
3o0000000E+00 
3 =46 -4? 0 0 
3 _49 -50 -20 0 
3 ^53 „54 G 0 
3 -61 -29 0 0 
3 „65 -98 0 0 
4 0.6650000e+00 oo 
4 3„1300000E+00 Oo 
5 Oo4O674ooe+OO OO 
5 OoOOOOOOOE+OO 0. 
5 loOOOOOOOE+OO 0. 
8 o,665ooooe+oo 26 
OoOOOOOOOE+00 
OoOOOOOOOE+OO 
0.8500000e+02 
lo9000000E+02 
3.0000000e+02 
4.1500000e+02 
5<,4000000E+02 
6.5500000e+02 
7o6500000E+02 
8.7000000e+02 
9.7000000e+02 
100700000e+03 
3.0700000e+03 
1004' 8 3.i3oooooe+OO 24 
-O.5ooooooe+OO OoOOOOOOOE+OO 
OoOOOOOOOE+OO 
0o5000000E+00 
loOOOOOOOE+00 
lo5000000E+00 
2.0000000E+00 
2.5000000e+00 
3.0000000e+00 
3o5000000E+00 4.0000000E+00 
OoOOOOOOOE+OO 
5.2500000e+02 
1.1750000e+03 
2.0000000e+03 
2.9500000e+03 
4.0250000e+03 
5.1250000e+03 
6.3000000e+03 
7.5000000e+03 
OOOOOOOE+00 
OOOOOOOE+00 
OOOOOOOE+00 
OOOOOOOE+00 
OOOOOOOE+00 
L -201 
-0.250000ôe+00 
0.0500000e+00 
0.1500000e+00 
0.2500000e+00 
0.3500000e+00 
0.4500000e+00 
0,5500000E+00 
0.6500000e+00 
0.7500000s+00 
0.8500000e+00 
0.9500000e+00 
1.500000de+00 
3.5000000e+00 
L -200 
-0.2500000e+00 
0.2500000e+00 
0.7500000e+00 
lo2500000E+00 
1.7500000e+00 
2.2500000e+00 
2O7500000E+00 
3.2500000e+00 
3.7500000e+00 
4o2500000E+00 
looooooooe+40 44 
l.oooooooe+40 51 
75-1009 0 0 
34-1009 0 0 
33-1009 0 0 
OoOOOOOOOE+OO 
0o4000000E+02 
1.3500000e+02 
2O4500000E+02 
3.5500000e+02 
4.8000000e+02 6.0000000E+02 
7.1500000e+02 
8.1500000e+02 
9.2500000e+02 
100200000E+03 
1.5700000e+03 
3.5700000e+03 
O.OOOOOOOE+00 
2.2500000e+02 
8o5000000E+02 
1.5500000e+03 
2.4500000e+03 
3.5000000e+03 
4.5500000e+03 
5.7250000e+03 
6.9000000e+03 
801000000E+03 
.44 
-51 
Table ly. (Continued) 
4.50OOOOOE+OO 8.7ooooooe+o3 
5.0000000E+00 9.9000000e+03 
1007 8 OOOOOOOOOE+00 4 
O o O O O O O O O E + 0 0  O o O O O O O O O E + 0 0  
2o0000000E+00 4.58OOOOOE+OO 
1009 8 O.OOOOOOOE+00 4 
OoOOOOOOOE+00 O.OQOOOOOE+00 
2o0000000E+00 O.OOOOOOOE+00 
1013 8 o.oooooooe+00 18 
OoOOOOOOOE-fOO O.OOOOOOOE+00 
0O0400000E+00 
0.0800000e+00 
0.2000000E+00 
006000000E+00 
l,000000E+00 
1.4000000E+00 
1.8000000E+00 
2.1000000E+00 
0 OoOOOOOOOE+00 
0 0o0400000E+00 
0 0.2000000E+00 
13 14 300 301 
900 109 0 0 
(3H0 
0.3000000e+05 
009000000E+05 
008100000E+05 
0o5l00000E+05 
0.2700000E+05 
001500000E+05 
000900000E+05 
0.0700000E+05 
0o0400000E+00 
0,2000000E+00 
2o0000000E+00 
303 98 
0 0 
4,75OOOOOE+OO 
5,2500000E+00 
L -0 
0O5000000E+00 
2.1000000E+00 
Ij  —0 
loOOOOOOOE+00 
2OL000000E+00 
L —0 
0.0200000E+00 
0,0600000E+00 
0„100000ÔE+00 
4000000E+00 
8OOOOOOE+OO 
2000000E+00 
6OOOOOOE+OO 
OOOOOOOE+00 
2000000E+00 
O.OOOO25OE+OO 
O.OOOlOOOE+00 
9.3ooooooe+o3 
I0O5OOOOOE+O4 
2.68oooooe+OO 
4.7ooooooe+OO 
O.OOOOOOOE+00 
O.OOOOOOOE+00 
0.0200000E+05 
008000000E+05 
008900000E+05 
0.6500000E+05 
O„38OOOOOE+O5 
0O2000000E+05 
001200000E+05 
0.0800000e+05 
0.0600000E+05 
800 
200 
0C0002500E+00 80 
E8.3,2X,2(F8.5,2X),E11.4,2X,P8.3,2X,E12.4,F10,0,P10.4,P9.0 
Table 18o List of IBM cards comprising model B7 for predicting the prototype 
behavior during a clutch engagement test 
RUN 4C6,MODEL B?. 0UT(TIPV,TIP,Z4;Z2;X2V;X2,T0RQ,TR,VELW) 
31 34 14 4 3 1 0 4 4 
13 1 OoOOOOOOOE+00 :o -12 0 0 
14 1 O.OOOOOOOE+00 0 -13 0 0 
20 1 0„0000000E+00 0 -19 0 0 
21 1 OoOOOOOOOE+OO 0 -20 0 0 
22 1 laOOOOOOOE+00 19 -33 0 0 
23 1 OoOOOOOOOE+OO 19 -34 0 0 
29 1 OoOOOOOOOE+00 0 -28 0 0 
30 1 OoOOOOOOOE+OO 0 -29 0 0 
31 1 l.OOOOOOOE+OO 28 -33 0 0 
32 1 O.OOOOOOOE+00 28 -34 0 0 
33 -1 O.OOOOOOOE+OO 13 -34 0 0 
34 1 l.OOOOOOOEfOO 13 -33 0 0 
35 1 O.OOOOOOOE+OO 0 -34 0 0 
36 1 l.OOOOOOOE+OO 0 -33 0 0 
300 . 1 OoOOOOOOOE+OO 0 -44 0 0 
4? 1 7o3000000E+02 0-•1002 0 0 
301 1 OoOOOOOOOE+OO 0 -51 0 0 
54 1 5.425OOOOE+O3 0-1004 0 0 
56 •=>1 001420500E+00 13 
-^7 0 0 
57 1 0,9898600E+00 13 -56 0 0 
58 1 O.OOOOOOOE+OO 12 -12 0 0 
6o 1 OoOOOOOOOE+OO 0--1005 0 0 
62 1 0.1420500E+00 12 
-57 0 0 
302 1 OoOOOOOOOE+OO 0 -64 0 0 
303 1 O.OOOOOOOE+OO 0 -302 0 0 
900 1 OoOlOOOOOE+OO 0 -903 0 0 
69 1 O.999ooooe+OO 68 -70 0 0 
70 -1 0o9990000E+00 
0o1144400E+00 
69 -70 0 0 
304 1 0 -72 0 0 
73 1 2.7010000E+01 0-•1008 0 0 
98 1 OoOOOOOOOE+OO 0 -113 0 0 
1 2 0.l86l400E+03 48 
0 8" 2- 9^" 6 II 
C" Z- I" C 01 
Cioi oo+aoooooZo"! z ClI 
9001 Z0+300%&%C0°0 z- zZ 
OZ 20+30000000°! z IZ 
€06 zo+aooooooo°T z 89 
ZOZ oo+aooooooC"o z -fyOÔ 
CZ zo+aooo88Zz°o z- 99 
;9 Co-aoooooo&°o z Z9 
Z9 T0+S00009ZT°T z C9 
09 io+aoooo9Zi°i z 39 
8$^ oo+aooooooo°z z 6; 
OOZ io+aooooo&Z°z z c; 
cc oo+aoooooo9°i z 0? 
ijC lo+aoooo^im z 6^7 
TOZ oo+aooooooC'8 z 9^ Cl I0+a000086l"8 z- Clj 
9C oo+aooooooo°o z Tij 
gc oo+aooooooo°I z Olj 
9C oo+aooooooo°t z GC 
oo+aooooooo"0 z- zc 
cz zo-aoooCiZz°9 z Zz 
8tr Co-aooo-fjozCz z- 9Z 
0 oo+aooooooo°o Z" -fyZ 
zo-aoooCiZz°9 z- 81 
Str zo-aoooCiZz'9 z- Zl 
0 Co+aoooo98C°o z 
66 'f70-a^i89Zzz°0 z ZI 
zC Co+a898&CGC°o z 8 
l£ zo+aZo6zoi&°o z z 
Cz zo+aZo6zoTC'o z- 9 
zz C0+S898CCCC'0 z g 
zt So+aoo9696T°o z t? 6b 90+a^95"zZCl°0 z- C 
86 oo+aooooooo°z z z 
(penni^^uoo) "gi aiqBji 
Table 18o (Continued) 
99 19 
28 
44 
48 51 
55 
64 
65 
903 
201 
200 
202 
203 
1005 
1006 
1008 
902 
1002 
3 3 3 3 3 3 3 3 3 3 3 3 
4 
4 
4 
4 
5 5 
g 
8 
•"10 -11 
-5 0 
-15 -17 -18 0 
-24 —26 
-27 0 
-37 -38 0 0 
-4o -4l 0 0 
-20 -43 0 0 
—46 
-47 0 0 
-49. -50 —20 0 
-53 -54 0 0 
-61 
-63 -28 0 
-66 
-98 0 0 
-904 -902 -203 0 
26 
-0o5000000E+00 
OoOOOOOOOE+OO 
OolOOOOOOE+00 
0o2000000E+00 
0o3000000E+00 
0o4000000E+00 
0o5000000E+00 
006000000E+00 
0.7000000E+00 
008000000E+00 
0.9000000e+00 
l,0000000E+00 
3„0000000E+00 
1004 
0.6650000e+00 
3.1300000E+00 
OoOlOOOOOE+00 
OoOlOOOOOE+00 
009898600E+00 
loOOOOOOOE+02 
0.0049788e+00 
904 
006650000E+00 
O.OOOOOOOE+00 
OoOOOOOOOE+00 
0„8500000E+02 
1.9000000e+02 
3.0000000e+02 
4„1500000E+02 
5.4000000E+02 
6o5500000E+02 
7O6500000E+02 
8.7000000e+02 
9.7000000E+02 
1.0700000e+03 
3.0700000e+03 
O.OOOOOOOE+00 1 
OoOOOOOOOE+00 1 
loOOOOOOOE+40 0 
O.OllOOOOE+00 1 
OoOOOOOOOE+OO 56 
0.2895000e+00 71 
,0000000E+40 
,0000000E+40 
,0110000E+00 
,0000000E+40 
"64 
5.4250000e+03 1007-1004 
0 
0 
0 
44 
51 
6? 
0 
0 
• 0  
8 3.i3oooooe+OO 24 
L -201 
-0.2500000e+00 
0.0500000e+00 
0.1500000e+00 
0.2500000e+00 
0.3500000e+00 
0.4500000E+00 
0.5500000e+00 
0.6500000e+00 
0.7500000e+00 
0.8500000E+00 
0.9500000e+00 
1.5000000e+00 
3„5000000E+00 
L -200 
—44 
-51 
-903 
-903 
OoOOOOOOOE+00 
0.4000000E+02 
1.3500000e+02 
2.4500000e+02 
3.5500000e+02 
4,80000D0E+02 
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Table 19o List of IBM cards comprising model B1 for predicting the prototype 
behavior during a drawbar loading test 
RUN IP^,MODEL Bio OUT(TIPV,TIP,,Z2,X2V,X2,TORQ,TE,VELW,PIULL) 
37 37 14 6 1 0 5 6 lO 
• 13 1 OoOOOOOOOE+00 0 -12 0 0 
14 1 O.OOOOOOOE+00 0 -13 0 0 
20 1 OoOOOOOGOE+00 0 -19 0 0 
21 1 OoOOOOOOOE+00 0 -20 0 0 
22 1 loOOOOOOE+00 19 -33 6 0 
23 1 OoOOOOOOOE+00 19 -34 0 0 
29 1 OoOOOOOOOE+00 0 -28 0 0 
30 1 OoOOOOOOOE+00 0 -29 0 0 
31 1 loOOOOOOOE+00 28 -33 0 0 
32 1 OcOOOOOOOE+00 28 -34 0 0 
33 -1 OoOOOOOOOE+OO 13 -34 0 0 
34 1 ioOOOOOOOE+00 13 -33 o o 
35 1 OoOOOOOOOE+00 0 -34 0 0 
36 1 loOOOOOOOE+00 0-33 0 0 
300 1 OoOOOOOOOE+00 G -44 0 0 
47 1 7.3OOOOOOE+O2 0-1002 0 0 
301 1 OoOOOOOOOE+00 0 -51 0 0 
54 1 5o4250000E+03 0-1004 0 0 
56 -1 0OI420500E+00 13 -57 0 o 
57 1 0.9898600E+00 13 -56 0 0 
58 1 OoOOOOOOOE+DO 12 -12 0 0 
60 1 O.OOOOOOOE+00 0-1005 0 0 
62 1 0„l420500E+00 12 -57 0 0 
302 1 OoOOOOOOOE+00 0 : -64 0 0 
303 1 O.OOOOOOOE+00 0 -302 0 0 
900 1 0,0100000E+00 0 -903 0 0 
69 1 O.999OOOOE+OO 68 -70 0 0 
70 «1 O.999OOOOE+OO 69 -70 0 0 
304 1 0o1144400E+00 0 -72 0 0 
73 1 2.7010000E+01 0-1008 0 0 
74 -1 O.406740OE+OO 13 -75 0 0 
75 1 0.913550OE+00 13 -74 0 0 
Table 19» (Continued) 
109 1 OoOOOOOOOE+00 0 
76 1 O.OOOOOOOE+00 0 
77 1 O.OOOOOOOE+00 0 
78 1 OoOOOOOOOE+00 0 
98 1 OoOOOOOOOE+00 0 
1 2 0.1861400E+03 48 
2 2 2.0000000E+00 98 
3 -2 O0I372565E+O6 39 
'4 2 O0I9696OOE+O5 42 
5 2 O.3555868E+O3 22 
6 0.5102907E+02 23 
7 2 0o5102907E+02 31 
8 2 O.3555868E+O3 32 
9 '"2 O.3I96OOOE+O2 76 
12 2 0.22768152*04 99 
15 2 0o3860000E+03 0 
16 2 3.1357000E-02 77 
17 -2 602713000E-02 48 
18 -2 6.2713000E-02 55 
24 -2 OoOOOOOOOE+00 0 
25 —2 3.1357000E-02 78 
26 •=.2 2.3204000E-03 48 
27 2 6.2713000E-02 73 
37 ,«2 OoOOOOOOOE+00 35 
38 2 l„0000000E+00 36 
40 2 l.OOOOOOOE+00 35 
4l 2 OoOOOOOOOE+00 36 
43 -2 80I98OOOOE+OI 13 
46 2 8o3000000E+00 201 
49 2 101150000E+01 ,34 
,1.33 50 2 l,6000000Et00 
53 2 2o7500000E+01 200 
59 2 2o0000000E+00 58 
6l 2 I0I26OOOOE+OI 60 
63 2 I0I26OOOOE+OI 62 
67 2 0.5000000E-03 65 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
ro 
vo 
Table 19. (Continued) 
66 •"2 0.2788000E+02 73 
904 2 0o5000000E+00 202 
68 2 l.OOOOOOOE+02 903 
71 2 loOOOOOOOE+02 70 
72 c-2 O.O3454OOE+O2 1006 
113 2 loOOOOOOOE+00 1013 
10 3 -1 —2 -3 -4 
11 3 «6 "7 -8 -9 
99 3 -10 -11 -5 0 
19 3 -15 -16 -17 -18 
28 3 ^^ 24 -25 -26 -27 
39 3 -37 -38 0 0 
42 3 -40 -4l 0 0 
44 3 -20 -43 0 0 
48 3 -46 -47 0 0 
51 3 -49 -50 -20 0 
55 3 -53 —54 0 0 
64 3 -61 -63 —28 0 
65 3 -66 -98 0 0 
903 3 "904 -902 -203 0 
201 4 0O6650000E+00 o.oooooooE+00 
200 4 3.1300000E+00 o.oooooooE+00 
202 4 OoOlOOOOOE+OO -l.OOOOOOOE+40 
203 4 O.OlOOOOOE+00 O.OllOOOOE+00 
1005 5 O.98986OOE+OO O.OOOOOOOE+00 
1006 . 5 l.OOOOOOOE+02 O.2895OOOE+OO 
1008 5 O0OO49788E+OO 5.425OOOOE+O3 
1010 5 O.40674OOE+OO OoOOOOOOOE+00 
1011 5 OoOOOOOOOE+OO O.OOOOOOOE+OO 
1012 5 l.OOOOOOOE+00 OoOOOOOOOE+00 
902 , 6 904 
26 L -201 1002 8 O06650OOOE+OO 
loOOOOOOOE+40 44 -44 
l.OOOOOOOE+40 51 -51 
O.OllOOOOE+00 67 -903 
loOOOOOOOE+40 67 -903 
56 -59 0 . 0 
71 -64 0 0 
1007-1004 0 0 
75-1009 0 0 
34-1009 0 0 
33-1009 0 0 
-0«5000000E+00 
0„0000000E+00 
O.lOOOOOOE+00 
O.OOOOOOOE+00 
OoOOOOOOOE+00 
008500000E+02 
•0,2500000E+00 
O.O50OOOOE+OO 
O.I5OOOOOE+OO 
OoOOOOOOOE+00 
0.4000000E+02 
1o3500000E+02 
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Table 19» (Continued) 
13 14 300 301 302 303 
98 304 900 109 0 0 
(3H0 F8.3,2F10.5,E13.4,P10.5,2E14.4,F9.0,F7.2,F9.4,F8.0 ) 
Table 20, List of IBM cards comprising model C2 for predicting the prototype 
behavior during a drawbar loading test 
RUN IFjg MODEL C2,0UT(TIPV;TIP,Z4;Z2,X2,TORQ,VELW,PULL) 
29 31 13 2 3 0 0 5 3 
13 1 OoOOOOOOOE+00 0 -12 0 0 
14 1 O.OOOOOOOE+00 -0 -13 0 0 
20 1 OoOOOOOOOE+00 0 -19 0 0 
21 1 OoOOOOOOOE+OO 0 —20 0 0 
22 1 l„000000ÛE+00 19 "33 0 0 
23 1 O.OOOOOOOE+OO 19 -34 0 0 
29 1 OoOOOOOOOE+00 0 -28 0 0 
30 1 O.OOOOOOOE+OO 0 -29 0 0 
31 1 l„0000000E+00 28 -33 0 0 
32 1 O.OOOOOOOE+OO 28 -34 0 0 
33 -1 O.OOOOOOOE+OO 13 —34 0 0 
34 1 l.OOOOOOOE+00 13 -33 0 0 
35 1 O.OOOOOOOE+OO 0 -34 0 0 
36 1 l.OOOOOOOE+00 0 -33 0 0 
300 1 O.OOOOOOOE+OO 0 -44 0 0 
47 1 7o3000000E+02 0-•1002 0 0 
301 1 OoOOOOOOOE+OO 0 -51 0 0 
54 1 5.4250000E+03 0--1004 0 0 
56 -1 0.1420500E+00 13 
-57 0 0 
57 1 0.9898600E+00 13 -56 0 0 
303 1 OoOOOOOOOE+OO 0 -64 0 0 
900 1 OoOOOOOOOE+OO 0--1007 0 0 
74 — 1 0.4067400E+00 13 -75 . 0 0 
75 1 0.9135500E+00 13 -74 0 0 
Table 20o (Continued) 
109 1 OoOOOOOOOE+00 0--1009 
76 1 OoOOOOOOOE+00 0-"1010 
77 1 OoOOOOOOOE+00 0--1011 
78 1 OoOOOOOOOE+00 0-.1012 
98 1 O.OOOOOOOE+00 0 -113 
1 2 0.l86l400E+03 48 
2 2 2,0000000E+00 98 
3 =»2 O0I372565E+O6 39 
4 2 O0I9696OOE+O5 42 
5 2 O.3555868E+O3 22 
6 =2 0.5102907E+02 23 
7 2 0.5102907E+02 31 
8 2 0.3555868E+03 32 
9 -2 0.3196000E+02 76 
12 2 0.2276815E-04 99 
15 2 0.3860000E+03 0 
l6 2 3.1357000E-02 77 
17 -2 6.2713000E-02 48 
18 —2 6.2713000E-02 55 
24 -2 OoOOOOOOOE+00 0 
25 — 2 3.1357000E-02 78 
26 -2 2.3204000E-03 48 
27 2 6.2713000E-02 73 
37 —2 OoOOOOOOOE+00 35 
38 2 loOOOOOOOE+00 36 
40 2 loOOOOOODE+OO 35 
4l 2 OoOOOOOOOE+OO 36 
43 ="2 8.I98OOOOE+OI 13 
46 2 8.3OOOOOOE+OO 201 
49 2 I0II5OOOOE+OI 34 
50 2 I06OOOOOOE+OO 33 
53 2 2.75OOOOOE+OI 200 
6l 2 1„1260000E+01 56 
65 -2 O.I235OOOE+O4 1007 
73 2 O.O35868OE+OO 67 
0 
0 
0 
0 
0 
to 
ON 
Table 20. (Continued) 
113 2 
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H
 
0
 
0
 
0
 
0
 
0
 
0
 
0
 
1—1 
1013 
10 3 -1 • -2 =3 =4 
11 3 -8 -9 
99 3 -10 -11 -5 0 
19 3 -15 -l6 -17 -18 
28 3 -24 -25 -26 -27 
39 3 -37 -38 0 0 
42 3 -40 -4l 0 0 
44 3 —20 -43 0 0 
48 3 —46 -47 0 0 
51 '3 -49 -50 -20 0 
55 3 -53 -54 0 0 
64 3 -61 -29 0 0 
67 3 -65 -98 0 0 
201 4 0O6650000E+00 O.OOOOOOOE+OO 
200 4 3.1300000E+00 O.OOOOOOOE+OO 
1010 5 0.4067400E+00 O.OOOOOOOE+OO 
1011 5 O.OOOOOOOE+OO O.OOOOOOOE+OO 
1012 5 l.OOOOOOOE+00 O.OOOOOOOE+OO 
1002 8 O.665OOOOE+OO 26 L -201 
l.OOCOOOOE+40 44-
l.OOOOOOOE+40 51 
75-1009 0 0 
34-1009 0 0 
33-1009 0 0 
-0,50000003+00 
O.OOOOOOOE+00 
OolOOOOOOE+00 
0.2000000E+00 
0o3000000E+00 
OAOOOOOOE+00 
0.5000000E+00 
0.6000000E+00 
0,7000000E+00 
0.8000000E+00 
0.9000000E+00 
loOOOOOOOE+00 
3«0000000E+00 
O.OOOOOOOE+00 
O.OOOOOOOE+00 
008500000E+02 
1.9000000E+02 
3.0000000E+02 
4.1500000E+02 
5.4000000E+02 
6.5500000E+02 
7.6500000E+02 
8.7000000E+02 
9.7000000E+02 
1.0700000E+03 
3.0700000E+03 
1004 8 3.1300000E+00 24 
-O.5OOOOOOE+OO O.OOOOOOOE+00 
O.OOOOOOOE+00 OcûOOOOOOE+00 
-O.25OOOOOE+OO 
O0O5OOOOOE+OO 
O.I5OOOOOE+OO 
O.25OOOOOE+OO 
O.35OOOOOE+OO 
O.45OOOOOE+OO 
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80I5OOOOOE+O2 
9.25OOOOOE+O2 
I.O2OOOOOE+O3 
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3.57OOOOOE+O3 
O.OOOOOOOE+OO 
2.25OOOOOE+O2 
-44 
-51 
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Table 21. Computer output data from model A for predict­
ing the prototype behavior during a clutch 
engagement test 
t e e % =2 ^2 ")d U) *2 
sec rps rad in in in rps rps rps 
0,00 0.000 0.0000 0 0.000 0 0.1 270 270 0.010 
0.01 0.002 0.0000 0 0.000 0 7o2 269 270 0.017 
0.02 0.06? 0.0000 0 ooooo 0 8.^ 26$ 2?0 0.026 
0.03 0.015 0.0001 0 0.002 0 3.5 266 269 0.041 
0.04 0.026 0.0003 0 0.004 0 4.3 263 269 01062 
0.05 0.040 0.0007 -0.1 0.008 0 5.3 260 268 0.090 
0o06 0.055 0.0011 —0 01 0.015 0 6.1 256 268 0.124 
0.07 0.072 0.0018 -0.1 0.023 0 7.4 251 267 0.167 
0.08 0.090 0.0026 -0.2 0.035 0 8'.'4 245 266 0.217 
0.09 0.107 0.0036 -0.3 0.049 0 9.4 239 266 0.275 
0.10 0.124 0.0047 -0.4 0.067 0 10.3 233 265 0.341 
0.11 0.139 0.0061 —0.5 0.089 0 11.2 225 264 0.416 
0.12 0.154 0.0075 — 0 a 6 0.115 1 12.1 217 263 0.501 
0.13 0.170 0.0092 -0.7 0.144 1 12.9 208 261 0.595 
0.14 0.190 0.0110 —0.8 0.178 1 13.7 198 260 0.699 
0.15 0.214 0.0130 -1.0 0.216 1 14.4v 186 258 0.814 
0.16 0.239 0.0152 -1.2 0.257 1 14.3 175 257 0.928 
0.17 0.264 0.0178 -1.4 0.301 1 14.0 l64 256 1.042 
0.18 0.288 0.0205 -1.6 0.347 2 13.8 153 254 1.158 
0.19 0.312 . 0.0235 —1 a 8 0.394 2 13.5 l4l 253 1.275 
0.20 0.335 0.0268 -2.1 0.442 2 13.2 130 252 1.394 
0.21 0.358 0.0302 -2.3 0.489 3 13.0 118 250 1.515 
0:22 0.380 0.0339 —2.6 0.536 3 12.7 107 249 1.637 
0.23 0.402 0.0378 -2.9 0.581 3 12.5 .95 248 1.761 
0.24 0.423 0.0420 -3.3 0.624 4 12.3 : 84 247 1.888 
0.25 0.444 0.0463 -3.7 0.663 4 12.1 72 245 2.017 
0.26 0.465 0.0509 -4.0 0.699 4 11.9 60 244 2.149 
0.27 0.485 0.0556 -4.5 0.731 5 11.8 48 243 2.283 
0.28 0.506 0.0606 -4.9 0.758 5 11.6 35 242 2.420 
0.29 0.526 0.0657 -5.3 0.780 6 11.5 23 241 2.560 
0.30 0.546 0.0711 -5.8 0.797 6 11.4 10 239 2.703 
0.31 0.810 0.0761 -6.3 0.808 7 6.6 0 326 6.521 
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Table 22. 
t 
sec rps 
Computer output data from model B1 for predict­
ing the prototype behavior during a clutch 
engagement test 
0 
rad 
z4 =2 ^2 t tr2 *2 
in in in ib-in % rps 
0.0 0.000 0 0 0.1 0.010 
0.0 0.000 0 6656. 1.1 0.022 
0,0 0.002 0 38981 5.8 0,054 
—0 01 0.013 0 76077 10,4 0.154 
-0.3 0.039 0 99972 13.5 0.321 
-0:5 0.086 0 95212 12.6 0.492 
-0.8 0.149 1 70510 9.3 0.619 
-1,1 0.222 1 62837 7.9 0.724 
-1.4 0.298 1 58110 7.1 0.826 
-1.7 0.371 2 59357 6.8 0.923 
-2.0 0.437 2 87917 9.8 1.094 
—2.4 0.497 3 97532 10.8 1.289 
—2.8 0.550 • 3 90031 10.0 1.471: 
—3 0 2 0.591 4 80473 8.7 1.622 
-3.7 0.616 5 73828 8.0 1,768. 
-4.1 0.623 6 64308 6.0 1.891 
-4.6 0.611 7 73732 7.7 2.055 
-5 0 2 0.582 8 79706 8.4 2.245 
-5.7 0.541 9 81639 8.8 2.442 
—6 « 3 0.490 10 80454 8.8 2.634 
-6.9 0.433 11 78550 8.7 2.826 
—7 0 6 0.374 12 72847 8.4 3.001 
-8.2 0.315 13 75655 8."; 3.193 
—8 0 9 0.261 15 79011 9.1 3.424 
-9.6 0.216 16 78797 9.3 3.650 
-10.4 0.181 17 74989 9.1 3.853 
-11.1 0.158 19 69287 8.5 4.033 
-11.9 0.147 20 57191 7.5 4.161 
—12.6 0.145 22 43854 5.9 4.218 
-13.4 0.150 24 31944 4.4 4.242 
-14.0 0.158 25 21472 3.1 4.241 
-l4.6 0.167 27 7211 1,6 4.191 
-15.1 0,174 29 1442 0.4 4.132 
-15.6 0.176 30 0 0.1 4,106 
-15.9 0.174 32 0 0,0 4.092 
—16 01 0.168 34 0 0.0 4.077 
—16 0 2 0.159 35 0 —0 0 0 4.063 
—16 0 2 0.146 37 0 =0 01 4.049 
—16 01 0.132 39 4712 0.1 4.056 
-15 0 9 0.117 40 9472 0.8 4,128 
-15.7 0.105 42 15456 1.8 4.183 
-15.3 0.097 44 24922 2.7 4.277 
oioo 
0 . 0 2  0.04 
0o06 
0.08 
0.10 
0.12' 
0.14 
0.l6 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 0,32 
0.34 
0.36 0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0,50 
0.52 0.54 0.56 
0.58 
0.60 
0.62 
Oo 64 Oo 66 
0.68 
0.70 
0.72 
0.74 
0.76 
0.78 
0.80 
0.82 
0.000 
0.003 
0.020 
0.069 
0.137 0.187 
0.206 
0.207 
0.205 0.194 
0.200 
0.223 
0.248 
0.261 
0 o 266 
0.264 
0.262 
0.269 
0.281 
0.295 
0.308 
0.320 
0.320; 0.347 
0.366 0.384 
0.398 0.405 
0.399 
0.380 
0.350 0.308 0.254 
0.198 
0,i4i 
0.084 
0.028 
-0.028 
-0.082 
-0.129 
-0,170 
-0.205 
0.0000 
0.0000 
0.0002 
0.0010 
0.0031 
0.0064 
0.0103 
0.0145 
0.0186 
0.0226 
0.0265 
0.0308 
0.0355 
o.o4o6 
0.0459 
0.0512 
0.0565 
0.0618 
0.0673 
. 0.0731 
0.0791 
0.0854 
0.0919 
0.0987 
0.1058 
0.1133 
0.1212 
0.1292 
0.1373 
0.1451 
0.1524 
0.1591 0.1647 
0.1692 
0.1726 
0.1749 
0.1760 
0.1760 
0.1749 
0.1727 
0.1697 
0.1666 
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Table 22» (Continued) 
t 8 e 2^ 2^ T ™2 ®2 
sec rps rad in in in Ib-in % rps 
0,84 
-0 ,231 O0I616 
-14,9  0,095 45 35881 5o91 4,423 
0o86 
-0 ,245 0,1568 -14,5  0,101 47 46834 5 .2  '4 ,615 
0,88 «0,250 0,1518 - l4 ,0  0,117 49 55440 6,3 4.840 
0 ,90 .0,250 0,1468 "13 0 5  0 ,142 51 58296 6,8 5o046 
0C92 -0 ,249 0o l4 l8  -13.0 0.177 52 58310 6,8 5.235 
0 ,94 -0 ,251 0,1368 -12,5 0,218 54 55473 6,6 5.401 
0,96 
-0 ,257 0,1317 -12.0 0,262 56 49309 6 ,0  5,528 
0,98 
-0 ,273 0,1264 -11,5  0,304 58 40508 5 .1  5o6oo 
1.00 
-0 ,299 0.1207 -10.9  0,342 60 30988 4,0 5.631 
1.02 ^^ .333 0.1144 -10,3 0,371 62 22458 3oO 5.633 
1,04 
-0 ,378 0.1073 -9  06 0,388 64 14594 2,0 5 0616 
1006 -0 ,429 0,0993 —8 0 8  0 ,389 66 7911 1 ,2  5.583 
1,08 
-0 .487 0,0901 —8.0 0 .374 68 2885 0 ,6  5 .546 
lo lO -0 ,548 0,0797 -7 .1  0,342 70 29 0 ,2  5.515 
1 .12 -0,608 0,0682 "6 .1  0,297 72 1885 0 .1  5.511 
lo l4  -O0665 0,0554 -4 .9  0 ,241 75 5198 0 .4  5.536 
1016 
-0,717 0,04 l6  -3 .7  0.179 77 9939 0.8 5.591 
lo is  -0.762 0.0268 —2,4 0 .115 79 16108 1,4 5.681 
1 ,20 
-0 .799 0.0111 -1 .0  0,055 81 23724 2,3 5.813 
lo22 
-0 .763 -0 ,0047 "0 .4  0.002 83 30397 3o l  5 .979 
lo23 -0 .666 -o0o149 +1,4 -0 .035 84 35557 3.7 6,119 
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Table 23® Computer output data from model Cl for predict­
ing the prototype behavior during a clutch 
engagement test 
t 0 0 4^ =2 2^ T 
sec rps rad in in in Ib-in 
0.00 0:000 0:0000 0:0 0.000 0 0 
0.02 0.002 0.0000 0:0 OiOOQ 0 6656 
0a04 : 0:019 0:0001 0:0 0.002 0 389BI 
OIO6 0.068 0.0010 -Ocl 0:012 0 76077 
0:08 0:136 0.0030 -0.0 0.038 G 99972 
0.10 0.187 0.0063 -Oo5 0:085 0 95212 
0.12 0.207 0:0103 —O08 0:148 1 70510 
0:14 0:210 0.0145 -loi 0.222 1 62837 
0:16 0:207 0:0187 -1*4 0.298 2 58110 
0:18 0.197 0:0227 -1.7 0:372 2 59357 
0:20 0.202 0.0267 -2.1 0:438 3 87917 
0.22 0:225 0:0310 -2,4 0:498 3 97532 
0.24 0.251 0:0358 —2 0 8 0=551 4 90031 
0.26 0.265 0.0409 -3.2 0.593 5 80473 
0:28 0:271 0.0463 
-3:7 0,619 5 73828 
0:30 0.269 0.0517 -4.2 0.626 6 64308 
0.32 0,267 0:0571 -4:7 o:6i4 7 73732 
0.34 0.274 0:0625 —5 0 2 0,585 8 79706 
0.36 0:287 0:0681 —5 0 8 0,544 IG 81639 
0:38 0:301 0:0740 -6:4 0:493 11 80454 
0:40 0,316 0.0802 -7:0 0:436 12 78550 
0:42 0:328 0.0866 
- 7^.7 0:377 13 72857 
0.44 0:339 0.0933 -8:4 0:318 14 75655 
0.46 0.356 0:1002 -9*1 0.264 16 79011 
0:48 0:376 0.1075 -918 0:218 18 78797 
0:50 0.395 0.1153 -10.5 0.183 20 74989 
0.52 0,410 0.1233 -11:3 0:160 21 69287 
0:54 0.418 0:1316 -12.1 0:149 23 57191 
0,56 0.412 o:i4oo -12.9 0:147 25 43854 
0.58 0,393 0.1480 -13.06 0:152 26 31944 
0:60 0.363 0.1556 -14.3 0,160 28 21472 
0.62 0:321 0:1625 -14:9 0.169 3G 7211 
0:64 0:266 0:1684 -15I5 9.175 32. ; 1442 
0.66 0.209 011732 -15.9 0.177 34 0 
0.68 0.152 0.1768 -16,3 0,174 36 0 
0:70 0:095 0:1793 -16.5. 0:167 37 0 
0:72 0:039 0:1806 =16:6 0:157 39 . 0 
0.74 -0.016 0.1808 -160 7 0.144 41 0 
0:76 -0:071 0:1799 -16:7 0.129 43 4712 
0:78 -O0II7 0I1780 -i6:4 0.114 45 12600 
0:80 -0.158 0i1753 -16:2 0.102 46 15456 
0:82 -0:193 0:1717 —15:8 0:095 48 24942 
*2 
rps 
0.000 
0,000 
0.134 
0.337 
0.514 
0.538 
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Go 045 
0.057 
0.282 
0o462 
0.552 
Oà545 
0.489 
0.473 
0.631 
0.673 
0é780 
0.849 
0:849 
G.817 
0:875 
0.949 
io040 
1.120 
1.122 
1.110 
1.090 
1.083 
1.081 
1.041 
11101 
1.171 
1:238 
1.294 
1.327 
1.315 
1.322 
1.327 
1.332 
1,364 
1:475 
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Table 24. Computer output data from model Cll for predict­
ing the prototype "behavior during a clutch 
engagement test 
t 0 0 24 =2 ^2 T *2 
sec rps rad in in in Ib-in rps 
0.00 0.000 0.0000 0.0 0.000 0 0 0.000 
0.02 . 0.000 -0.0000 0.0 0.000 0 2135 0.107 
0.04 0.015 0.0001 0.0 .0.001 0 32025 0.214 
0.06 0.065 0.0008 — 0 0 1 0.011 0 85065 0.321 
Go 08 0,134 0.0028 -0.2 0.036 0 96193 0.428 
0.10 0.185 0.0061 -0.5 0.081 0 95241 0.535 
0.12 0.215 0.0101 -0.8 0.145 0 93535 0.642 
0.14 0.244 0.0147 -1,1 0.222 1 91823 0.749 
0.l6 0.270 0.0198 -1.5 0.308 1 90111 0.857 
0.18 0.291 0.0255 —2.0 0.396 2 88399 0.964 
Go 20 0.310 0.0315 -2.5 0.481 2 86687 1.071 
0.22 0.326 0.0379 —3 0 0 0.559 3 85001 1.177 
0.24 0.339 0.0445 -3=5 0.623 3 83289 1.285 
0.26 0.348 0.0514 -4.1 0.669 4 81577 1.352 
0.28 0.356 0.0585 -4.8 0.694 5 79865 1.499 
0.30 0.362: 0.0657 -5 o4 0.698 6 78153 1,606 
0.32 0.368 0.0730 -6.0 0.680 , 7 76441 1.713 
0.34 ' 0.372 0.0804 . -6.8 0.641 8 74729 1.821 
0.36 0.377 0.0879 -7.6 . 0.586 9 73017 1.928 
0.38 0.382 0.0955 -8.4 0.518 10 71305 2.035 
0.40 0.388 0.1032 "9 • 2 0.440 11 69593 2.142 
0.42 0.394 0.1111 -10.0 0.359 12 68089 2.249 
0.44 0.401 0.1190 -10.8 0.279 14 66591 2.357 
0o46 0.408 001271 -11.6 0.204 15 65093 2.464 
0.48 0.4l6 0.1354 -12.5 o.i4o 16 63595 2.571 
0 o 5 0  0.423 0.1438 -13.3 0.089 18 62097 2.678 
0.52 0.431 0.1523 -14.1 0.053 19 60599 2.705 
0.54 0.438 0.1610 -14.9 0.035 21 59101 2.730 
0 . 5 6  0.443 0.1698 -15 c 8 0.034 23 57603 2.755 
0 o 5 8  0.448 0.1788 —16.6 0.050 24 56105 2,781 
O 0 6 0  0.450 0.1877 -17.4 0.081 26 54607 2.806 
0.62 0.450 0.1968 -18.2 0.124 28 53214 2.831 
0 , 6 4  0.447 0.2057 -18.9 0.175 29 51823 2.857 
Oo 66 0.443 0.2147 -19.7 0.232 31 50432 2.882 
O068 0.436 0.2235 -20.5 0.289 33 49041 2.907 
0.70 0.426 0.2321 -21.2 0.345 35 47650 2.933 
0.72 0.415 0.2405 -21.9 0.394 37 46259 2.958 
0.74 0.401 0.2487 -22.6 0,433 39 44868 2.983 
0.76 0.386 0.2568 -23,4 0.462 41 • 43477 3.009 
0.78 0,369 0.2641 —24.0 0.477 43 42086 3.034 
0.80 . 0.351 0.2713 —24.7 0.478 45 40695 3.059 
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Table 24. (Continued) 
t e 0 ^4 ^2 ^2 T ^2 
sec rps rad in in in Ib-in rps 
1.74 -1.156 0.0038 -0.2 0.173 172 10601 4.250 
1.76 -1.029 -0.0183 +1.9 0.174 175 10280 4.275 
1.76 -0.973 -0.0235 +2.4 0,170 176 10196 4.282 
Table 25» Computer output data from model B7 for predict­
ing the prototype behavior during a clutch 
engagement test 
t 8 0 ^4 =2 ^2 T *2 
sec rps rad in in in Ib-in % rps 
0.00 0.000 0.0000 0.0 0.000 0 0 0.1 0.010 
0.02 0.000 0.0000 0.0 0.000. 0 2135 0.6 0.011 
Go 04 0.015 0.0001 0:0 OoOOl 0 32025 7.8 0.037 
0o06 00066 0:0008 -0.1 0.010 0 85466 8.5 0.126 
0.08 0.134 0.0028 -0.2 0.036 0 96247 9.5 0.269 
0.10 0.184 0.0061 —0.5 0:080 0 95235 9o2 0.420 
0.12 0.214 0.0101 —0. 8 0.144 1 93535 8,8 0.571 
0.14 0.243 0.0147 -loi 0.222 1 91823 8.3 0.720 
0ol6 0.268 ,0:0198 -1.5 0.308 1 • 90111 7,9 0.869. 
0.18 0.289 0.0254 -2.0 0.397 2 88399 7.5 1.018 
0.20 0.307 0.0313 -2.4 0:482 2 ' 86687 7.1 1.165 
0.22 0.321 0.0376 -2.9 0.557 3 84975 6.7 1.313 
0.24 0.333 0.0442 -3.5 0.619 3 83263 6:4.'- 1.460 
0.26 0.342 0.0509 -4ol 0.662 4 81551 6.2 1.606 
0.28 0é350 0.0579 44.7 01686 5 79839 6.0 1.753 
0.30 CÙ355 0.0649 -5o4 0:688 6 78127 5.8 1.900 
0.32 0Ù36O 0.0721 -6.0.0 01669 7 76415 5.7 2.047 
0.34 0.365 0:0794 -6.8 0:600 8 .74703 5.6 2.194 
0:36 0.369 0:0867 -7:5 0:575 9 72991 5.5 2.340 
0:38 0:374 010942 —8 0 3 0.507 10 71279 5o5 2.487 
0:40 0:379 0.1017 -910 0.431 11 69567 5.5 2:633 
0.42 0:384 0.1093 -918 0:352 10 68067 5.5 2.780 
0.44 0.390 0.1171 -10:6 0:274 13 66569 5.5 2:926 
0.46 0:397 0.1250 -110 4 0.202 l4 65071 5.5 3.071 
0.48 0.404 0:1330 —12 0 2 o:i4o 16 63573 5.5 3.215 
0.50 0.410 0.1411 -13.0 0:091 17 62075 5.5 3.357 
0.J2 0.419 0.1495 -13 08 0:060 18 60637 5.4 3.498 
0.54 0.424 0:1579 -1416 01047 20 59139 5.3 3.635 
0,56 0:428 0.1664 -1512 0:049 21 57641 5.2 3:769 
0.58 0.430 0.1750 -I6I0 0.067 23 56143 5.0 3.899 
0.60 0:431 0.1837 -17.0 0;099 24 S4645 4:8 4.025 
0.62 0.429 0:1923 -I7I7 0.141 26 53249 4.6 4.148 
0164 0.425 0:2008 -18:5 0:191 28 51858 4.4 4.268 
0.66 0.419 0.2093 -19.2 01244 29 50467 4.2 4.386 
0.68 0.410 0.2176 -19.9 01298 31 49076 4.0 4.501 
0.70 0:399 0:2257 -20.6 0.349 33 47685 3.8 4.613 
0.72 0.386 0.2336 -21:3 01393 34 46294 3o6 4.722 
0.74 • 0.371 0:2411 -22^0 01428 36 44903 3.4 4o829 
0.76 0.355 0:2484 -22.6 01452 
40 
43512 3.3 4.934 
0.78 0:337 0.2553 -23^2 0:463 42121 3:2 5.036 
0.80 0.317 0:2619 -23:8 Oo46i 42. 40730 3.0 5.136 
0182 0.297 0:2681 «24 0 4 0.447 44 39542 3o0 5.234 
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Table 25o (Continued) 
t 
sec S 0 
4^ 
in 
= 2 2^ T ™2 *2. 
rps rad in in Ib-in % rps 
0.84 0.277 0.2738 -25.0 0.420 46 38365; '2.9 5.330 
0.86 ,01256 0:2791 -25.5 0.384 48 37188 2.8 5.424 
0.88 0:236 0.2841 -26.0 . 0.341 50 36011 2.8 5.516 
o;9o 0.215 0.2886 . -26.5 0.293 52 34834 2.7 5.606 
0.92 0:194 0.2927 -26.9 0.243 54 33657 2.7 5.693 
0.94 0.174 0;2964: -27.2 0.194 56 32480 2.6 5.777 
0*96 0:153 0:2997 -27.6 0.150 58 31303 2^6 5.858 
0.98 0.132 0:3025 -27.9 O0I12 60 30126 2.5 5.936 
1.0.00 0.110 0:3049 -28.2 0à082 62 28949 2.5 6.009 
1:02 0.088 0.3069 -28:4 0:061 64 28178 2:4 6.081 
1.04 0.065 0.3085 -28 0 6 0.052 66 27429 2.4 6.151 
1.06 0:042 0:3096 -28:7 0:052 68 26680 2.3 6.218 
1.08 0:018 0:3102 -28.7 0.063 71 25931 2:3 6.283 
lolO -0.007 0:3103 -28.7 0.083 73 25182 2.2 6.344 
1112 -0:033 0:3099 —2806 OallO 75 24433 2.1 6.403 
lol4 -0:062 0.3089 -25 0 5 0.142 77 23684 2.0 6.459 
1.16 -0:092 0.3074 —28 0 3 0:177 80 22935 1.9 6.513 
1.18 -0:123 0:3052 -28.1 0.213 82 22186 1.9 6.564 
1.20 -0.156 0.3024 -27:8 0.246 84 21437 1,8 60613 
1.22 -0.190 0.2990 -27.5 0.275 86 20892 1.0 7 6.660 
1.24 -0.226 0.2948 -27:0 0.299 87 20357 1.6 6:707 
1.26 -0:263 0:2899 —260 6 0:315 91 19822 I06 6.752 
1.28 -0.300 0:2843 — 26 e 1 0.323 93 19287 1.5 6.797 
1.30 -0.338 0:2779 -25.5 0.322 95 18752 1.5 6.841 
1.32 -0.377 0:2707 -24:8 0.312 98 18217 1.4 6.884 
1.34 -0„4l6 0:2628 -24:1 0:295 100 17682 1.4 6.926 
1.36 -0:456 0.2540 -23.3 0.271 103 17147 1.4 6.967 
1.38 -0.495 0.2445 -22.5 0:242 105 16612 1.3 7.008 
1.40 
-0:535 0.2342 -21.5 0:208 107 16077 1.3 7.048 
1.42 -0:575 0.2231 -20.6 0,174 110 15745 1.3 7:089 
lo44 -o:6i4 0:2112 -19.5 0.139 112 15424 1.3 7.130 
le 46 -0.654 0.1985 -18.3 0.106 114 15103 1.2 7.171 
1.48 -0.693 0.1850 -17.1 0.078 117 14782 1:2 7.212 
1.50 -0.733 0.1708 -15.8 0.054 119 l446l 1.2 7.254 
1.52 -0:773 0.1557 -l4o4 0:037 122 l4l40 1.2 7.296 
1:54 -0:813 0.1398 -13.0 0:027 124 13819 loi 7.337 
1156 -0:854 0.1232 -110 4 0:024 126 13498 loi 7.379 
1:58 -0.895 0:1057 -9:8 0.029 129 13177 1:0 7.0 421 
là6o -0.937 0:0873 -8.1 0.039 131 12856 1.0 7:464 
1.62 -0:981 0:0681 —6 0 3 0.055 134 12535 0:9 7:507 
1.0 64 -1.025 0.0481 -4.0 4 0.074 136 12214 0:9 7:550 
lv66 -1:071 0:0271 —2.4 0:096 1 11893 0.8 0%8 7,595 1%68 -1.114 0.0052 -0:4 0.119 11572 1^70 -i;oo9 -0^ 0162 +1:6 0.132 144 11251 0.7 7.689 
1*70 -0,923 -0.0244 +2:4 0:130 145 11115 0.6 7.712 
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Table 26. Computer output data from model 51 for predict-
ing the prototype behavior during a drawbar 
loading test 
"t 0 "~e %  ^~T "™2 2^ Pull 
sec rps rad in in in ib-in % rps lbs 
0.00 0.000 0.0000 0.0 0.000 0 0 Ool 0.010 0 
0,04 0.002 0.0000 . 0.0 0.000 0 3995 OA 0.014 0 
0.08 0.010 0.6602 0.0 0.003 0 0.4 0.029 0 
0.12 0.019 0.0008 -0.1 0.013 0 13791 1.4 0.056 50 
Ool6 0.029 0.0018 -0.1 0.031 0 21391 2.2 0.100 150 
0.20 0.036 0,0032 -0.2 0.063 0 28981 2.9 0.163 250 
0.24, 0.033 0.0046 -0.3 0.108 0 33378 3.3 0.238 450 
0.28 0.021 0.0057 -0.4 0.160 1 37778 3.7 0.319 650 
0.32 0.009 0.0063 -0.4 0,210 1 41980 4.1 0.403 1078 
0.36 -0.002 0.0065 -0.4 0.247 2 45980 4.6 0.477 1738 
0.40 -0.010 0.0062 -0.3 0.262 2 49980 5.0 0.536 2398 
0.44 -0.015 0.0057 -0.3 0.251 351990 5.5 0.572 3278 
0.48 -0.021 0.0049 -0.3 0.214 3 53990 5.9 0.576 4158 
0.52 -0.025 0.0040 -0.2 0.157 4 55594 6.4 0.550 4918 
0.56 -0.027 0.0029 -0.2 0.092 4 56794 6.8 0.498 5558 
0.60 -0.025 0.0018 -0.1 0.030 5 57994 7.3 0.423 6198 
0.64 -0.016 0.0010 -0.1 -0.016 5 62378 8.1 0.330 6818 
0.68 -0.003 0.0006 -0.1 -0.040 5 66778 8.7 0.225 7438 
0.72 -0.012 0.0007 -0.1 -0.035 6 72366 9.6 0.113 7700 
0.76 0.032 0.0016 -0.2 -0.002 679192 11.1 0.019 7600 
0.80 0.051 0.0033 -0.3 0.057 6 85992 12.2 0.010 7500 
0.84 0.059 0.0056 -0.4 0,138 6 94390 11.5 0.010 7320 
0.88 0.059 0.0080 -0.5 0,232 6 102790 13.1 0.018 7140 
0.92 0,053 0.0103 -0.6 0.328 6 111190 11,3 0.048 7120 
0.96 0.099 0.0123 -0.7 0.413 6 119590 11.7 0.108 7260 
1.00 0.056 0.0143 -0.9 0.475 6 127990 12.1 0.195 7400 
1.04 0.067 0,0168 -1,1 0,507 6 130388 12.3 0.288 7879 
1.08 0.076 0,0197 -1,3 0.504 6 132788 12.6 0,366 8359. 
1.12 0.083 0.0229 -1.7 0.469 7 134396 13.1 0.425 8978 
I0I6 0.085 0:0264 -2.0 0,412 7 135196 13.6 0.447 9738 
1.20 0.080 0,0297 -2.4 0.349 7 135996 14.3 0.427 10498 
1.24 0.073 0.0328 -2.8 0.293 7 137592 14.8 0.383 10719 
1.28 0.068 0.0356 -3.1 0.260 8 139192 ^ 5.2 0.331 10939 
1.32 0.063. 0.0382 -3.3 0,256 8 140990 15.4 0.276 10941 
1.36 0.063 0.O4O8 -3.5 0.283 8 142990 15.3 0.239 10721 
1.40 0.067 0.0434 -3.7 0.337 8 144990 15.1 0.223 10501 
1,44 0.073 0.0462 -3.9 0.406 8 144204 14,6 0.224 10201 
L'C48 0.078 0.0492 -4,1 0.473 8 143404 l4.0 0.239 9901 
1.52 0.083 0.0525 -4.4 0.530 9 141100 24.4 0.297 9740 
1.56 0.078 0.0558 -4.6 0.562 9 137100 10.1 0.254 9720 
1.60 0.064 O0O586 -4.9 0.557 9 133100 21.8 0.408 9700 
1.64 0.048 0.060 -5.2 0.517 9 111440 31.4 0.379 9443 
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Table 26. (Continued) 
sec rps rad •in 
1.68 0,036 0.062 -5.4 
1.72 0.026 0.0638 -5 06 
1.76 0.021 0.0648 -5.7 
1.80 0.018 0.0656 -5.8 
1.84 . 0.015 0.0662 -5.9 
1.88 0.013 0.0668 -5.9 
1.92 OIOO9 0.0673 -5 0 9 
1.96 0.004 0.0676 -5.9 
2.00 -0.002 0.0676 -5.8 
2.04 -0.010. 0.0674 —5 » 8 
2.08 -0.018 0.0668 
-5.7 
2.12 -0.024 0.0659 -5 06 
2.16 -0.027 0.0649 -5 06 
2.20 -0.026 0.0638 -5-5 
2.24 -0.023 0.0628 -5°5 
2.28 -0.017 0.0619 -5.4 
2.32 -0.010 0.0614 -5.4 
2.36 -0.003 0.0611 -5 = 3 
2.40 -0.003 0.0611 -5.3 
2.44 0.009 o.o6i4 -5.3 
2.48 0.013 0.0618 -5.3 
2.52 0.016 0.0624 -5.3 
2.56 0.018 0.0631 -5.4 
2.60 0.021 0.0639 -5.5 
2.64 0.024 0.0648 -5.6 
2.68 0.028 0.0659 -5.7 
2.72 0.032 0.0671 -5.8 
2.76 0.037 0.0685 —6.0 
2.80 0.042 0.0710 -6.1 
2.84 0.046 0.0719 —6.3 
2.88 0.049 0.0738 —6.5 
2.92 0.050 0.0758 -6.6 
2.96 0.048 0.0778 -6.8 
3.00 0.045 0.0797 -6.9 
3.04 0.039 0.0814 -7.1 
3.08 0.032 0.0828 -7.2 
3.12 0.024 0.0840 -7.3 
3^16 0.014 0,0848 -7.4 
3.20 0.004 0.0852 -7.5 
3.24 -0.005 0.0851 -7.5 
3:28 -0.017 0.0847 -7.5 
3.32 -0.031 0.0837 -7.4 
3 c 36 -01047 '9.0821 -7o2 
3.40 -0.065 0.0799 —7 0 0 
Zg 2^ T ™2 2^ 
in in Ib-in % rps lbs 
0.455 9 129840 9.5 0.275 9183 
0.38? 10 128810 30.5 0.432 9001 
0.331.10 128410 7.4 0.316 8901 
0.299 10 128010 17.0 0.389 8801 
0.299 10 128098 19.7 0.441 8751 
0.329 10 128198 19.7 0.479 8701 
0.379 11 128298 17.9 0.506 8651 
0.437 11 128398 15.0 0.524 8601 
0.489 11 128498 10.5 0.533 8551 
0.522 11 128988 7.1 0.578 8540 
0.529 12 129488 9.9 0.675 8530 
0.511 12 129988 13.1 0.752 8520 
0.474 13 130488 12.9 0.799 8510 
0.428 13 130988 12.8 0.860 8500 
0.386 14 131390 13.0 0.930 8510 
0.357 14 131790 13.2 1.002 8520 
0.348 15 132190 13.3 1.076 8530 
0.360 15 132590 13.3 1.150 8540 
0.388 16 132990 13.2 1.224 8550 
0.425 16 133293 13.0 1.298 8570 0.462 17 133593 12.9 1.372 8590 
0.489 18 133093 12.8 1.448 8610 
0.502 19 134193 12.7 1.526 8630 
0.497 19 134498 12.8 1.607 8650 
0.479 20 134403 12.8 1.689 8670 
0.452 21 134303 13.0 1.770 8690 
0.424 22 134203 13.1 1.851 8710 
0.403 23 134103 13.2 1.931 8730 
0.393 24 134003 13.3 2.007 8750 
0.397 25 133805 13.2 2.079 8770 
0.414 26 133605 13.2 2.147 8790 
0.438 27 133405 13.0 2.210 8810 
0.464 28 133205 12.9 2.270 8830 
0.486 29 133005 12.8 2.328 8850 
0.499 30 132415 12.7 2.382 8870 
0.501 32 131815 12.6 2.433 8890 
0.491 33 131215 12.6 2.480 8910 
0.474 34 130615 12.7 2.524 8930 
0.453 35 130015 12.7 2.563 8950 
0.433 36 129220 12.8 2.595 8990 0.420 38 128420 12.8 2.617 9030 
0.414 39 127620 12.8 2.630 9070 
0.415 40 126820 12.8 2.631 9110 
0.422 41 126020 12.7 2,623 9150 
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Table 26, (Continued) 
t 0 0 =2 =2 T *2 Pull 
sec rps rad in in in lb-in % rps lbs 
3.44 -0.084 0.0769 -6.7 0.431 43 125610 12.7 2.608 9160 
3.48 -0.105 0.0731 -6.4 0.437 44 125210 12.6 2.590 9170 
3.52 -0.126 0.0684 -5.9 0.438 45 124810 12.6 2.570 9180 
3.56 -0.147 0.0629 -5.4 0.432 46 124410 12.6 2.548 9190 
3.60 -0.168 0.0566 
-4.9 0.4l8 48 124010 12.6 2.524 9200 
3.64 -0.188 0.0495 -4.2 0.397 49 123805 12.7 2.498 9240 
3.68 -0.207 00 o4i6 -3 = 5 0.371 50 123605 12.8 2.469 9280 
3.72 -0.224 0.0329 -2.7 0.345 51 123405 13.0 2.436 9320 
3.76 -0.240 0.0236" -1.8 0.321 52 123205 13.1 2.398 9360 
3.80 -0.255 0.0137 -1.0 0.300 54 123005 13.2 2.356 9400 
3.84 -0.222 0.0037 -0.7 0.280 55 123923 13.3 2.313 9430 
3.88 -0.072 -0.0023 +0.5 0.241 56 123593 13.5 2.280 9460 
3.92 0.096 -0.0017 +013 0.177 57 123893 13.8 2.253 9490 
3.96 0.192 0.0043 -0.3 0.113 58 124193 14.3 2.225 9520 
4.00 0.192 0:0121 =lc0 0.089 60 124493 14=5 2,183 9550 
Table 2"?. Computer output data from model C2 for predict­
ing the prototype behavior during a drawbar 
loading test 
t 0 9 4^ =2 X2 T *2 Pull 
sec rps rad in in in Ib-in rps lbs 
0.00 0.000 0.0000 0.0 0.000 0 0 0.000 0 
0.04 0.002 0.0000 0.0 0.000 0 3995 0.020 0 
0.08. 0.010 0.0002 0.0 0.005 0 7980 o.o4o 0 
0.12 0.020 0.0009 -0.1 0.015 0 13762 0.077 50 
0.16 0.029 0.0019 —0.1 0.034 0 21362 0.132 150 
0.20 0.036 0.0032 -0.2 0.065 0 28962 O.I87 250 
0.24 0.033 0.0046 -0.3 0.111 0 33345 0.262 449 
0.28 0.021 0.0058 -0.4 0.164 1 37745 0.337 649 
0.32 : 0.009 0.0064 -0.4 0.214 1 41950 0.424 1076 
0.36 -0.003 0.0065 —0 0 4 0.249 2 45950 0.524 1736 
0.40 -0.011 0.0062 -0.3 0.263 2 49950 0.662 2396 
0.44 -0.016 0.0057 -0.3 0.250 3 51975 0.627 3275 
0.48 -0.021 0.0049 —0.2 0.212 3 53975 0.629 4155 
0.52 -0.025 0.0039 -0.2 0.155 A 55585 0.611 4916 
0.56 -0.077 0.0029 -0.2 0.089 5 56785 0.575 3^ 56 
0.6b -0.025 0.0018 -0.1 0.027 5 57985 0,538 6196 
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Table 27» (Continued) 
t e 0. 4^ 2^ 2^ T 2^ Pull 
sec rps rad in In In Ib-in rps lbs 
0.64 -0.017 0.0009 -0.1 -0.018 5 62345 0.463 6816 
0.68 -0.003 0.0005 -0.1 -0.041 6 66745 0.388 7436 
0.72 0.012 0.0007 -0.1 -0.036 6 72315 0,308 7701 
0.76 0.033 0.0016 -0.2 -0.002 6 79115 0.224 76OI 
0.80 0.050 0.0033 -0.3 0.0566 6 85915 0.140 7501 
0.84 0.058 0.0055 -0.4 0.137 6 94295 0.153 7321 
0.88 0,059 0.0079 -0.5 0.230 6 102695 0.167 7l4l 
0.92 ' 0.054 0.0102 -0.6 0,325 5 111095 0.205 7119 
0.96 0.050 0.0122 -0.7 0.410 5 119495 0,267 7259 
1.00 0,057 0,0143.-0.9 0.473 5 127895 0.329 7399 
1.04 0.069 0,0169 -1.1 0.505 5 130370 0.382 7877 
1,08 0.078 0.0198 -1,3 0.502 5 132770 0.436 8357 
1,12 0.085 0.0231 -1.7 0.468 5 134390 0.474 8975 
1.16 0,087 0.0266 -2.1 0.413 6 135190 0.497 9735 
1.20 0.082 0.0300 -2.4 0.350 6 135990 0.519 10495 
1.24 0.074 0.0332 -2.8 0.295 6 13758O 0.492 10719 
1.28 0.068 0.0360 -3.1 0.261 6 139180 0.464 10939 
1.32 0,063: 0,0387 -3.3 0,257 6 140975 0.475 10941 
1.36 0.063 0.0412 -3=6 0.284 6 142975 O.527 IO721 
1.40 0.066 0,0438 -3.7 0.337 6144975 0.579 10501 
1.44 0,072 0.0466 -3.9 0.405 6 144210 0.647 10202 
1,48 0.076 0.0496 -4.1 0.473 6 143410 O.715 9902 
1.52 0.079 0.0527 -4.4 0.525 6 141050 0.782 9740 
1.56 0.074 0.0558 -4.6 0.549 6 137050 0.847 9720 
1.60 0.061 0.0585 -4.9 0.540 6 133050 0.912 9700 
1,64 0,045 0.060 -5.1 0.501 6 131420 0.924 9442 
1.68 0.033 0.0622 -5.4 0.443 6 129820 0.935 9182 
1.72 0.025 0.0634 -5=5 0.382 6 128805 0.946 9001 
1.76 0.019 0.0643 -5.6 0.334 6 128405 0.957 8901 
1.80 0.016 0.0650 -5,7 0.309 6 128005 0.969 8801 
1.84 0.013 0.0656 -5.8 0.313 6 128099 0,980 8750 
1.88 0.011 0,0661 -5.8 0.342 6 128199 0.991 87OO 
1.92 0.007 0,0665 -5=8 0.389 6 128299 1.002 8650 
1.96 0,001 0.0667 -5=8 0.441 6 128399 1.014 8600 
2,00 -0.005 0,0666 -5.7 0,486 6 128499 1=025 8550 
2,02 -0,008 0,0665 -5=7 0.512 6 128994 1.036 8540 
2.08 -0,018 0.0656 -5.6 0.516 7 129494 1.047 8530 
2.12 -0.023 0.0648 -5.5 0.497 7 129994 1.059 8520 
2.16 -0.025 0.0638 -5.5 0.463 7 130494 1.070 8510 
2.20 -0.024 0.0628 -5.4 0.422 8 130994 1,081 8500 
2.24 -0.020 0.0619 -5,4 0.386 8 131395 1.092 8510 
2.28 -0.014 0,0612 -5.3 0,363 8 131795 1.104 8520 
2.32 -0.006 0.0608 -5.3 0.358 9 132195 1.115 8530 
2.36 0.000 0.0607 -5.3 0.371 9 132595 1.126 8540 
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Table 2?. (Continued) 
t 
• 
0 0 ^4 ^2 ^2 T ^2 Pull 
sec rps rad In in in Ib-in rps lbs 
2.40 0.007 0.0660 -5.3 0.398 10 132995 1.137 8550 
2.44 0.013 0.0613 -5.3 0.431 11 133296 1.149 8570 
2.48 0,018 0.0619 
-5.3 0.463 11 133596 1,160 8590 
2o52 • 0.021 • 0.0627 ~5 0 4 0.485 12 133896 1.171 8610 
2.56 0.024 0.0636 -5 o4 0.495 13 134196 1.182 8630 
2.60 0.028 0.0647 
-5 "5. 0.489 13 134496 1.193 8650 
2.64 0.031 0.0659 
-5.7 0.473 14 134401 1.205 8670 
2.68 0.036 0.0672 -5.8 0.450 15 134301 1.216 8690 
2.72 0.041 0.0688 —6 0 0 0.427 16 134201 1.227 8710 
2.76 0.046 0.0705 —6 0 2 0.410 17 134101 1.238 8730 
2.80 0.050 0.0724 —6 0 3 0.404 18 134001 1.250 8750 
2.84 0.054 0.0746 — 6 e 5 0.410 19 133803 1.261 8770 
2.88 0.056 0.0768 -6.7 0.426 20 133603 1.272 8790 
2.92 0 = 057 0.0791 -6,9 0.448 22 133403 1.283 8810 
2.96 0.055 0.0813 -7.1 0.471 23 133203 1.295 8830 
3.00 0.051 0.0835 
-7.3 0.489 24 133003 1.306 8850 
3.04 0.046 0.0855 
-7.5 0.500 25 132408 1.317 8870 
3.08 0.038 0.0872 —7 0 6 0.501 27 131808 1.328 8890 
3.12 0.030 0.0886. -7.8 0.492 28. 131208 1.340 8910 
3.16 0.020 0.0896 
-7.9 0.478 29 130608 1.351 8930 
3.20 0.010 0.0902 
-7.9 0.460 31 130008 1.362 8950 
3.24 -0.001 0.0904 —8 « 0 0.444 32 129210 1.373 8990 
3.28 -0.014 0.0901 -8.0 0.433 33 128410 1.385 9030 
3.32 -0.029 0.0892 -7.9 0.428 35 127610 1.396 9070 
3.36 -0.046 0.0877 
-7.7 0.429 36 126810 1.407 . 9110 
3.40 -Oo 066 0.0854 
-7.5 0.435 38 126010 1.418 9150 
3.44 ' -0.087 0.0823 -7.2 0.441 39 125605 1,430 9160 
3.48 -0.108 0.0784 -60 9 0.444 4l 125205 1,441 9170 
3.52 -0.130 0.0736 -6.4 0.443 42 124805 1.452 9180 
3.56 -0.153 0.0680 -5.9 0.435 44 124405 1.463 9190 
3.60 -0.174 0.0614 -5.3 0.420 45 124005 1,474 9200 
3.64 -0.195 0.0540 ~4o 6 0.400 46 123803 1.486 9240 
3.68 -0.215 0.0458 -3.9 0.377 48 123603 1.497 9280 
3.72 -0.234 0.0368 -3.1 0.352 49 123403 1,508 9320 
3.76 -0.251 0.0270 -2.2 0.329 50 123203 1.520 9360 
3.80 -0.267 0.0167 -1.2 0.309 52 123003 1.531 9400 
3.84 -0.257 0.0059 -0.3 0.290 53 123296 1.542 9430 
3.88 -0.120 -0.0019 +0.4 0.256 54 123596 1.554 9460 
3.92 0.061 -0.0031 +0.5 0,193 55 123896 1.565 9490 
3.96 0.186 0.0021 — 0 0 1 0.121 56 124196 1.576 9520 
4.00 0.200 0.0101 -0.9 0.080 58 124496 1.587 9550 
